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INTRODUCTION

In this first chapter, a number of concepts are introduced that are
fundamental to many areas of business mathematics. We begin by
defining some key words and phrases.

Mathematical operations and brackets

The basic mathematical operations are addition, subtraction,
multiplication and division; and there is a very important convention
about how we write down exactly what operations are to be carried out
and in what order. Brackets are used to clarify the order of operations
and are essential when the normal priority of operations is to be broken.
The order is:

-work out the values inside brackets first;

.Powers and roots;

- Multiplication and division are next in priority;

.Finally, addition and subtraction.

Basic Mathematics

For example, suppose you want to add 2 and 3 and then multiply by 4.
You might write this as 2+3X4

However, the above rule means that the multiplication will take priority
over the addition. What you have written will be interpreted as an
instruction to multiply 3 by 4 and then add 2. It would be useful at this
point to briefly digress and check your calculator. Type 2+3X4=" into it.
If the answer is 14, you have a scientific calculator that obeys
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Business Mathematics

Notes

mathematical priorities. If the answer is 20, your calculator is non-
scientific and perhaps will not be suitable for your CIMA studies.
Returning to the main problem, if you want to add 2 to 3 and then
multiply by 4, you must use brackets to give priority to the addition — to
ensure that it takes place first. You should write (2 + 3)X 4. The contents
of the bracket total 5, and this is then multiplied by 4 to give 20.

Different types of numbers
A whole number such as - 5, 0 or 5 is called an integer, whereas numbers
that contain parts of a whole number are either fractions — such as 3/4—or
decimals — such as 0.75.
Any type of number can be positive or negative. If you add a positive
number to something, the effect is to increase it whereas, adding a
negative number has the effect of reducing the value. If you add =B to
any number A, the effect is to subtract B from A. The rules for arithmetic
with negative numbers are as follows:

adding a negative is the same as subtracting, thatisA + (—-B) =4 — B

subtracting a negative is the same as adding, thatis 4 — (—=B) = A + B;

if you multiply or divide a positive and a negarive, the result is negative, that is

(+) X (=) and (—) X (+) and (+) + (=) and (=) + (+) are all negative;
if you multiply or divide two negatives, the result is positive, that is (—) X (=) and
(=) = (=) are both positive.

Rounding

Quite often, numbers have so many digits that they become impractical
to work with and hard to grasp. This problem can be dealt with by
converting some of the digits to zero in a variety of ways.

Rounding to the nearest whole number

For example, 78.187=78 to the nearest whole number. The only other
nearby whole number is 79 and 78.187 is nearer to 78 than to 79. Any
number from 78.0 to 78 . 49 will round down to 78 and any number from
78.5t0 78 . 99 will round up to 79. The basic rules of rounding are that:
1. digits are discarded (i.e. turned into zero) from right to left;

2. reading from left to right, if the first digit to be discarded is in the
range 0—4, then the previous retained digit is unchanged; if the first digit
is in the range 5-9 then the previous digit goes up by one.

Depending on their size, numbers can be rounded to the nearest whole
number, or 10 or 100 or 1,000,000, and so on. For example, 5,738 =
5,740 to the nearest 10; 5,700 to the nearest 100; and 6,000 to the nearest
1,000.

Significant figures

For example, 86,531 has five digits but we might want a number with
only three. The 31" will be discarded. Reading from the left the first of
these is 3, which is in the 0-4 range, so the previous retained digit (i.e.
the ‘5’ ) is unchanged. So 86,531 = 86,500 to three significant figures
(s.f.).

Suppose we want 86,531 to have only two significant digits. The ‘531’
will be discarded and the first of these, ‘5’ , is in the 5-9 range, so the
previous digit ( ‘6’ ) is increased by 1. So 86,531= 87,000 to two s.f.
Zeros sometimes count as significant figures; sometimes they do not.
Reading a number from the right, any zeros encountered before you meet
a non-zero number do not count as significant figures. However, zeros
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sandwiched between non-zeros are significant. Hence, 87,000 has two Basic Mathematics
s.f., while 80,700 has three.

Decimal places Notes
The other widely used rounding technique is to discard digits so that the
remaining number only has a specified number of decimal places (d.p.).
For example, round 25.7842 to two d.p. The digits to be discarded are
‘42’ | the first (‘4’) is in the 0—4 range and so the next digit ( ‘8" )
remains unchanged. So 25.7842 =25.78 to two d.p. Strings of ‘9’ can be
confusing. For example, if we want to round 10.99 to one d.p., the first
digit to be discarded is ‘9’ and so the next digit, also ‘9” , goes up to ‘10’
. In consequence, the rounded number is written as 11.0 to one d.p.
Rounding up or rounding down

A number to be rounded up will be changed into the next higher whole
number so, for example, 16.12 rounds up to 17. A number to be rounded
down will simply have its decimal element discarded (or truncated).
Numbers can also be rounded up or down to, say, the next 100.
Rounding up, 7,645 becomes 7,700 since 645 is increased to the next
hundred which is 700. Rounding down, 7,645 becomes 7,600.

Powers and roots

Definitions
1. The n th power of a number, a, is the number multiplied by itself n
times in total, and is denoted by an or a™n. For example,
0%.0r TS =T N IR IS IR —=3)
2. Any number to the power of zero is defined to be 1. For example,
ks a =n is the reciprocal of an, thatisa=n=1=an= 1/ an
21 _1
¥ 9
4. The n th root of a number, a , is denoted by ain and it is the number
that, when multiplied by itself n times in total, results in a. For example,

g =@ =2
The square root, &', is generally written as va without the number 2.
5. anm can be interpreted either as the m th root of an or as the m th root

of a multiplied by itself n times. For example, 97 = (05 = 3 =243

6. The rules for arithmetic with powers are as follows:
(1) Multiplication: am = an = am=n. For example,
32 =(2x2M N (22 M2 D)=23 22 =231 =77 — 12§

Division: &™ + &7 = a™ ". For example:
(i) FTI=0BXIXIXIXHBXHN=37=3=27
Powers of powers: (a™)" = ™" For exampile,

iy @ =40 =4 =409

Mathematical operations in Excel
When performing calculations in Excel the same mathematical rules that
have been discussed in this chapter apply. The following examples use
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Notes

the data from Examples 1.2.1 and 1.2.2 and show how formulae in Excel
would be created to arrive at the same results.

Notice from Figure 1.1 that most of the values have been addressed by
the cell reference — but it is also possible to incorporate numbers into the
formulae.

Rounding numbers in Excel

To accurately round numbers in Excel a built-in function called = round
() 1s used. This can be used to set any degree of accuracy required and
once the function is incorporated into a formula any future references to
the cell containing the round function will use a value rounded to the
specified number of decimal places. The following example ( Figure 1.2
) illustrates this and uses the data from Example 1.4.1. Notice that the
third example requested the result be rounded to three significant figures,
the formula is a little more complex and has been done here in two steps.
In the first step in cell f6 the arithmetic has been performed and the result
rounded to three decimal places. Then in g6 the len and the int functions
have been applied to further round the result to three significant figures.
It is sometimes preferable to take the integer value of a number as
opposed to rounding it to the nearest whole number. The difference is
that the integer value is a number without any decimal places. Therefore
the integer value of 9.99 is 9 and not 10 as it would be if the number had
been rounded to the nearest whole number. Figure 1.3 shows the table
used in the rounding exercise but with the Excel int function in place of
the round function

Figure 1.4 shows the results of the rounding and the integer formulae
used in figures 1.2 and 1.3.

Looking at Figure 1.4, the different result produced through the use of
the int function as opposed to the round function can be seen. In each
case the result has been rounded down to the integer value.

Variables and functions

A variable is something which can take different values. Variables are
often denoted by letters. Thus, the set of positive whole numbers can be
considered as a variable. If we denote it by X, then this variable can have

many values. X
x=1
orx =2

orx =3, and so on.

Another example is the set of the major points of a compass. If this
variable is denoted by c, then it can have more than one value, but only a

limited number.
) rmrlh

;
¢ = south

¢ = north-west, and so on.

These examples show that variables can take on non-numerical ‘values’
as well as numerical ones. In this text we shall concentrate on numerical
variables, that is, those whose values are numbers, like the first case
above.

A mathematical function is a rule or method of determining the value of
one numerical variable from the values of other numerical variables. We
shall concentrate on the case where one variable is determined by or
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depends on just one other variable. The first variable is called the Bgasic Mathematics
dependent variable, and is usually denoted by y, while the second is

called the independent variable, denoted by x. The relationship between Notes
them is a function of one variable, often referred to as a function, for

brevity. Note that whilst functions are similar to formulae (see Section

1.8) there are specific conditions relating to the definition of a function,

but these are outside the scope of this book.

A very useful way of stating a function is in terms of an equation, which

IS an expression containing an ‘equals’ sign. The equation of a function

will thus take the typical form: y= a mathematical expression containing

X

If we know the value of the independent variable x, then the expression

will completely determine the corresponding value of the dependent

variable, y.

Formulae

A formula is a statement that is given in terms of mathematical symbols:
it is a mathematical expression that enables you to calculate the value of
one variable from the value(s) of one or more others. Many formulae
arise in financial and business calculations, and we shall encounter
several during the course of this text. In this chapter, we shall
concentrate on some of the more complicated calculations that arise from
the application of formulae.

Coloulate the vals of A fom the formula
i BiC+ 1@ -0
A= —
|26 — 3F}
when B E=3.0 1.6, E and F 5
Salution
I EF+=4
R-Dj=RB-[—18l=3+1.6=4.5
F-F=2x|-1-Bx|-23)=-2 =
Hen ERARAL - g s Woo

Exponential numbers

In Excel a number is raised to a power by using the symbol referred to as
a carat ( A ). Some practitioners refer to this symbol as being the
exponential operator. Thus, for example, to cube 4 the formula required
would be =4 A 3. To find the square of 4, the formula required

iIs =4 A 2. The carat can also used to find the square root. In this case the
formula would be = 4 A (1/2), or to find the cube root the formula would
be = 4, (1/3). The method is used to find the 4th root, 5th root and so on.
Some examples are demonstrated below.

| & B | & [ E
|
2 3 squared
3 3 cubed 7 7
L 3 totha power of 4 81 B1
5 4 Lo the power ol 4 255 256
B
| ¥ Square root of 4 2
g Cubed rool of B4
(=
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Linear equations with only one variable

An equation is linear if it has no term with powers greater than 1, that is,
no squared or cubed terms, etc. The method is to use the same techniques
as in changing the subject of a formula, so that the equation ends up in
the form variable = something.

la) Schwed — 3X =0

l‘-"J.l|I'§:-Z';.r wp by the hwo dencminalorns:

Quadratic equations W|th only one variable

A quadratic equation has the form aX2=bX = ¢ = 0 where a, b and c are
constants. The equation can be solved using a formula but if either the
bX or ¢ terms or both are missing the formula is not necessary. Examples
will be used to illustrate the methods.

wnbve fhe bnllwing simpla qundnatic equnfinns [nobs that the worinbls usad is ¥, ot o thens is nnby nne varinble

R IAL,
aaesd, IEs 3 e g,
al 4% = |
b Y+ —92—0
c) 2 + 27y =0
A ¥Y—52=0
Eolutien

o YP=1005+4=25

. (T R
¥ — +J25 and —J25 — =5
bi¥Yf =9
. e
¥o— T =43
o YIY +21=0
EBithar Y = or ¥ + 2 =0, so¥ = -2

d) Theonly sohfionisthat ¥ — 3 =0.s0Y =3
Yoo mary have noficed hat most quadralic equalions hove feo rocis, that is, hwo values for which tha hao
ildes of the equamcn ame equal, but :rc-uslcn:ll-, as In |d} above, they appear ko have onby ona. Itis, In fodg, o
e I'||I=h'| yar """'II_Iﬂl g &) F_- r.rr1r""= e —1' s I'I-FI—'l-- og 3 o Il'illl:l -""I'|" _I'H'l‘ull'IF" I'l|'= "!:l"'|_ \-rﬂl'l e 'nlr
1t quodratic graphs in the ne
For quadratic equoficons all of whoss . coetticients are nar- zEro the easiest method of solution is the tormula. I
hoe engqualion = LX7 + L¥+ o — O, then e vols uas yiven Ly

1 Es A1
—n = JIb¥ — doc)
2

This formula is given in your exam so you don’t need to learn it.

X =
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Sobee ha ecuafion X — 50X + &00 =0

Solution
3 b= = &K
=50 £ JII-50F — 4 % 1% 600)
= N — -
2x
o £ s
¥ =30 anc 20
Matice thot the equation has real ook only § 5% — dac s posilive, ‘since negafive numbers do not have

square roots

Simultaneous linear equations

These are equations of the type:
3X +4Y =18 (i
5X+2¥ =16 Gi)
which must both be satisfied by the roots X and Y. Provided you
multiply both sides of an equation by the same amount, it continues to be
true. In the solution of these equations, one or both of the equations are
multiplied by numbers chosen so that either the X or the Y terms in the
two equations become numerically identical. We have labelled the
equations (i) and (ii) for clarity. Suppose we were to multiply (i) by 5
and (ii) by 3. Both equations would contain a 15 X -term that we could
eliminate by subtraction, it being the case that you can add or subtract
two equations and the result remains true. In this case, however, the
simplest method is to multiply equation (ii) by 2, so that both equations
will contain 4 Y and we can subtract to eliminate Y. The full solution is
shown below.
3X +4Y =18 (M
SX+2¥ =14 (iH)

Muluply (i} by 2:

10X +4F = 32 fiii)
Subtract (i) — (i)

FX4+0=14

X=1427=2

Substtuze X = 2 into (i)

G+ 4Y =18
4Y =18—6=12
¥=12+4=3

Check the results in (i1):
SK242x3=16

The solution s X =2, ¥'= 3.

Basic Mathematics

Notes

Had we chosen to substitute X = 2 into equaton (i) it would not have affected the

J'l'.'HIJ.li hLﬂ Wi 'Fr'l.}l.lld Ehl'_‘n ]la\FL' chcckﬂd i]‘l th..' i]thl.‘[ -;.‘ql.l:liil.'}l.'l rL'
Had we chosen to substitute X = 2 into equation (ii) it would not have
affected the result but we would then have checked in the other equation

(i).
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Manipulating inequalities

Inequalities are treated in almost exactly the same way as equations. In
fact an inequality says much the same thing as an equation, except that
one side will be less than or greater than the other, or less than and
greater than the other.

Inequalities can be manipulated in the same way as equations, except
that when multiplying or dividing by a negative number it is necessary to
reverse the inequality sign.

Example

x4 1D = A0

Example

Percentages and ratios

Percentages and ratios (or proportions) occur in many financial
calculations. Basically, a percentage (denoted ‘%’ or ‘per cent’ ) is
expressed out of 100, whereas a ratio is one number divided by another.
A simple example will illustrate.

Example

(a) Express 4.6 as:

(i) a ratio of 23.0;

(ii) a percentage of 23.0.

(b) Evaluate 30 per cent of 450.

(c) The ratio of the earnings from a certain share to its price is 18.5. If the
price is £1.50, what are the earnings?

(d) If a variable, A, increases by 8 per cent, what does it become?

(e) If a variable, B , changes to 0.945 B , what percentage change has
occurred?

12



The next example will demonstrate the use of percentages in financial
calculations.

Example

(a) During a certain year, a company declares a profit of £ 15.8 m,
whereas, in the previous year, the profit had been £ 14.1 m. What
percentage increase in profit does this represent?

(b) A consultant has forecast that the above company’s profit figure will
fall by 5 per cent next year. What profit figure is the consultant
forecasting for the next year?

(c) If this year’s profit is £ 6.2 m, and if the increase from last year is
known to have been 7.5 per cent, what was last year’s profit?

Solution

crst s o -ft - T T OF5 = E5.77m to theaa s

Accuracy and approximation
All business data are subject to errors or variations. Simple human error,
the rounding of a figure to the nearest hundred or thousand (or
whatever), and the inevitable inaccuracies that arise when forecasting the
future value of some factor, are examples of why business data may not
be precise.

In certain circumstances, errors can accumulate, especially when two or
more variables, each subject to error, are combined. The simplest such
forms of combination are addition and subtraction.

Errors from rounding

Suppose an actual value is 826 and you round it to 830 (two s.f.). Your
rounded value contains an error of 4. Someone else using the rounded
figure does not know the true original value but must be aware that any
rounded figure is likely to be erroneous.

The rounded value 830 could represent a true value as low as 825, or one
as high as 835 (or, strictly speaking, 834.9999). There is a possible error

13
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of = 5. In general, rounded values have a possible error given by
substituting = 5 in the position of the first discarded digit. For example,
with a value of 830, the first discarded digit is in the position of the ‘0”,
which is the units position. This gives a possible error of = 5 units. If the
rounded figure were 82.391 (to three d.p.), the first discarded digit is
immediately to the right of the “1” and the possible error is = 0.0005.
Example.

Sk e modren pocsibe srmee 1 e Enboadng moinded Brumes:
Sl fie mo 0ssiie ermors y k

Tt

Solution

Using Excel to produce graphs of Linear and
Quadratic Equations
Excel can be used to produce graphs of linear and quadratic equations.

The first step is to produce a single linear equation, from which a graph
can be drawn.

Producing a single linear equation in Excel
The form of the equation that will be used is

y=mx+rc
This equation will be drawn for a given value of c (in this example we
will use 20) and a range of 10 values of x (from 1 to 10), calculating
corresponding values of y . Thus in this example the formula will be
represented as y = 3 x + 20.
Figure 1.7 shows the data for x and the results of entering the formula in
the adjacent column.

skEngle lingar eguanon
wvalues for x F=3x+ 20
T 2

3 29
4 3z

[ Y ]
[

5 47
10 50

To show these results graphically in Excel, select the two columns and
click on the Chart icon on the Standard Toolbar. This will produce a
choice of graph types. Select xy and then choose the joined up line
option. Click Finish to complete the chart. Figure 1.8 shows the resulting
graph.

Lingla linaar sguation

Rl

50

g

!-J

20

o 5 10 i=
Walues forx
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Graph showing single linear equation

Drawing multiple equations on a single graph

It is possible to produce multiple equations and plot the results onto a
single graph, which can be useful for comparison purposes. Figure 1.9
uses the same set of data for x and the results of two different equations
are shown in the adjacent two columns.

walues forx | p=3x+ 20 yp=6x+1
1 23 7
2 26 13
3 29 19
] 32 15
5 35 31
[ 33 37
7 a1 43
E 44 49
E] a7 55
10 =] &1

The graph is produced in the same way as the first example, by selecting
the three columns and clicking on the Chart icon. The results of plotting
these two lines onto an xy

2 finear egualions on vre graph

— —— =N

e 7“5’— Y=t
2 L

Values furs

Single quadratic equation

The form of the equation that will be used is

y=ax’ +Ex+o

This equation will be drawn for a given value of a, b and ¢, where in this
example we will use a =1, b = 5 and ¢ =10 and a range of 10 values of x
(from- 25 to 20), calculating corresponding values of y.

Thus in this example the formula will be represented as y= x2+5 x+ 10.
Figure 1.11 shows the data and the formula calculated in the adjacent
column.

waluas for x XS24 5x 4+ 10
—25 =10

-0 210

15 160

10 &0

-5 10
o 10
5 (=]
1w 160
15 210
20 510

Using the same method as before a graph can be drawn to show these
results and this is shown in Figure below.

P ER T

369

T v T T
-30 -il":l -10 o 10 20 o
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Business Mathematics TWO equations on one graph

Notes

It is possible to produce multiple quadratic equations and plot the results
onto a single graph, which can be useful for comparison purposes. Figure
below uses the same set of data for x and the results of two different
equations are shown in the adjacent two columns.

walues fo- = F S W0 —Z2x"? x4 100
-F5 =00 -T125
—= 0 =00 - =80
-15 1E0 —Z325
-1 =0 —3i0

-5 ] =17
] =] 10
5 [ ] a5

1@ 150 -110

15 ZH0 =

1] S10 -T20

Graph showing a single quadratic equation

—— e BRI
2’ —x+ 100

The graph is produced in the same way as the previous example, by
selecting the three columns and clicking on the Chart icon. The results of
plotting these two lines onto an xy line graph can be seen in Figure 1.14 .

Using Excel to produce the graph of a hyperbola

The formula of a hyperbola takes the form of y = a(1/x) = n. In the
example below values of x from 1 to 27 are used. The constant a is 10
and a value of 1 was used for n. The results are shown in Figure below .

B

Basic mathematics covers a wide range of topics and underlies
virtually all the elements of business mathematics. The key contents of
the chapter are:

. The rules for the order of mathematical operations and the use of
brackets — a source of many errors in calculations;
.dealing with negative numbers;

16



.rounding to the nearest number or to various numbers of decimal places Basic Mathematics
or significant figures;

.dealing with powers and roots; Notes
. manipulating formulae;

.dealing with exponential numbers;

.solving equations;

. manipulating inequalities;

.dealing with percentages and ratios;

.rounding errors;

.creating graphs in a excel to draw linear and quadratic equations and

graph of a hyperbola.

REVIEW QUESTIONS

1. The number 268.984 is to be rounded. In each case write the correct
answer, to the accuracy specified.
(A) to two decimal places.
(B) to one decimal place.
(C) to the nearest whole number.
(D) to the nearest 100.
(E) to three significant figures.
(F) to four significant figures.
2. Evaluate the following without rounding.
(A)7+2X5
(B)(5+2) X8
(C) 28 - 48/4
(D) (7 +3)/5
(E)8+4 X5-2
(F) (8-4)X (3+7).
3 A small company produces specialised posters. The total cost is made
up of three elements = materials, labour and administration = as follows:
+ Materials £ 0.50 per poster
¢ Labour £ 15 per hour
¢+ Administration £ 10 per 100, plus £ 50.
4. The set-up time for printing takes two hours, and the posters are run
off at the rate of 300 per hour.
5. If the number of posters produced is denoted by N, write down the
formulae for the following in £ :
(A) the total cost of materials,
(B) the time taken to produce the posters,
(C) the total labour costs of production,
(D) the administration costs.
6. Calculate the solutions to Question 1.2.1 using Excel. You will first
have to create a spreadsheet to represent the data for the printing
company.
FURTHER READINGS
Business Mathematics and Statistics- Andy Francis
Agarwal B.M.
Introduction to Business Mathematics- R. S. Soni
Business Mathematics : Theory & Applications- Jk. Sharma
Business Mathematics- Trivedi Kashyap

SAEE A
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Questionnaires
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Importing Data from Word
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Review Questions
Further Readings

INTRODUCTION

Many of the problems that accountants face require the acquisition,
communication or analysis of data as part of their solution. We look at
each of these aspects in turn. First of all, there is the question of how to
obtain data, as the individual facts and figures are known. Data can be
classified in two ways: primary and secondary. Primary data is that
collected specifically for the problem in hand, while secondary data is
collected (by others) for some other purpose. Thus an accountant,
working in the budgeting department of a manufacturing company,
might get information on raw material costs by contacting the suppliers
himself or herself, and so obtain primary data. Alternatively, he or she
could use secondary data in the form of a list of quotations compiled for
its own purposes by the company’s buying department. Primary data is
the more reliable, since you have obtained it yourself (or have had it
collected) and because it relates precisely to the particular problem you
are facing. Its actual collection, however, does take time; obtaining it,
therefore, tends to be costly, and there may be a considerable delay
before the information is ready to use.

On the other hand, secondary data, if available, is relatively inexpensive
and quick to obtain: often simply a reference to some relevant
publication. The disadvantages here arise from the possibility that there
may be no suitable sources for the information. Even if there are, the data
may not match your requirements too well. In addition, although official
or government statistics may be considered reliable, other secondary
sources may not.

Obtaining Data

Immediately after collection, in what is often termed its raw form, data is
not very informative. We cannot learn about the situation from it or draw
conclusions from it. After it has been sorted and analysed, data becomes
information that, it is to be hoped, is understandable and useful.
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The difference between information and data

Sometimes the issue of the quality of data is raised and often there is not
a clear understanding of this issue. Quality data has several
characteristics including being:

.error free;

.available at the right time;

.available at the right place;

.available to the appropriate individuals.

The arrival of the Internet has made it much easier for organisations and
individuals to access data at the right time and the right place. However,
at the same time the Internet have opened up questions about data being
error free and about who can have access to it. As well the issue of data
quality there is the question of how data, information and knowledge
relate to one another. Russell Ackoff was one of the first people to speak
of there being a hierarchy which he referred to as the Data Information
Knowledge Wisdom (DIKW) Hierarchy. According to this model, data
(which is by the way sometimes said to be a plural word as it is the
actual plural for the word datum) are simple facts or figures or maybe
even a photograph or an illustration. In this form data is unstructured and
uninterrupted. Information comes from processing or structuring data in
a meaningful way. Another way of looking at this is that information is
interpreted data. An interesting story is told by Joan Magretta in her book
What Management is ? about Steve Jobs which clearly illustrates the
difference between data and information. Despite its small share of the
total market for personal computers, Apple has long been a leader in
sales to schools and universities. When CEO Steve Jobs learned that
Apple’s share of computer sales to schools was 12.5 per cent in 1999, he
was dismayed, but unless you’re an industry analyst who knows the
numbers cold, you won’t appreciate just how dismayed he was. That’s
because, in 1998, Apple was the segment leader with a market share of
14.6 per cent. And, while Apple slipped to the number two spot in 1999,
Dell grew and took the lead with 15.1 per cent. Alone each number is
meaningless. Together they spell trouble, if you’re Steve Jobs, you see a
trend that you’d better figure out how to reverse. This isn’t number
crunching, it’s sense making. In this example the 12.5 per cent was data
and when it was seen in conjunction with the 15.1 per cent it became
information.

Knowledge is again different to data and information. Knowledge is
much more personal and the presence or absence of knowledge can
normally only be seen through the actions of individuals. When
knowledge is written down it effectively becomes information.

Finally with respect to wisdom it is difficult to define this concept.
Wisdom has something to do with understanding or insight. It is to do
with achieving a good long-term outcome in relation to the
circumstances you are in.

Primary data: sampling

We begin by considering how primary data can be obtained. All the data
relating to a problem is known as the population . For reasons of finance
and practicability, it is rarely possible to obtain all the relevant data, so
you normally have to use only part of the population, that is, a sample . It
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is clear that, if the sample data is to be of any use, it must be
representative of the population as a whole. If a sample is representative
of its population, it is said to be unbiased ; otherwise it is biased .
Another fundamental point to note is that, because a sample is only a
subset — that is, some information has been omitted — any results arising
from it cannot be exact representations of the whole population. This
deficiency is said to constitute sampling error .

By careful choice of sampling method, it is possible to ensure that a
sample is representative of its population, thereby avoiding bias. Since
the very act of sampling omits some of the data, sampling error is
inevitable. In general, if you increase its size, the sample will represent a
larger proportion, and so will be ‘nearer to’ (or more representative of )
the population. Increasing sample size thus tends to reduce sampling
error. An example will illustrate these new concepts and terms.

Example

You work as an assistant to the chief accountant of a company that owns
a large number of retail stores across the country. The chief accountant
asks you to provide him with some up-to-date information on the weekly
turnover figures of the stores. Discuss how you would set about this.
Solution

Secondary financial data on the stores will no doubt be available, but it
may not consist of weekly turnover figures and probably will not be up
to date. Thus, provided that enough time and resources are available, you
should consider obtaining primary data. We shall leave discussion of
possible methods of actually collecting the information until later in this
chapter and concentrate here on the meaning of the various concepts
defined above, as applied to this example.

The population here consists of all the recent weekly turnover figures for
all the stores owned by the company. Clearly it would be practically
impossible to collect all this data, and so a sample will have to be taken.
This will consist of a selection of a certain number of the weekly
turnover figures, for example 100 or 1,000 of them: exact number will
depend on the time and resources available, and the level of accuracy
required by the chief accountant. If the selection of 100 or 1,000 (or
whatever) weekly turnover figures is representative of all the possible
data, then we shall have an unbiased sample. However, because a sample
consists of only part of the population (possibly just a small proportion),
it will give only an approximation to the overall picture: sampling error
will be present. In general, increasing the sample size from, say, 100 to
1,000 will reduce this error.

Probability sampling methods

We now look at various ways of selecting samples, beginning with
probability sampling methods (also called random sampling methods ):
those in which there is a known chance of each member of the
population appearing in the sample. Such methods eliminate the
possibility of bias arising through (subjective) human selection: it can
now only arise by chance. In addition, it is possible to undertake
calculations concerning the effects of sample error when probability
sampling methods are used.
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Simple random sampling

Of these methods, the most basic is simple random sampling , in which
each element of the population has an equal chance of being selected.
Such a sample could be chosen by drawing names out of a hat, or by
employing more sophisticated models using random numbers (which
will be illustrated later). As we shall see in later parts of the text, random
sampling is one of the most important sampling methods in statistics,
since the accuracy of estimates made from the sample can be calculated.

Stratified random sampling

In this case, the population is divided into coherent groups or strata, and
the sample is produced by sampling at random within each stratum. This
process takes more time than simple random sampling, but should result
in more representative samples and hence should reduce the sample
error.

Example

How would a simple random sample and a stratified random sample be
drawn in the situation described in Example?

Solution

To begin with, we shall need a list of the population. If, for example, the
company owns 100 stores, and the investigation is confined to the last
year’s (50 trading weeks’) trading, then the population will consist of
5,000 pieces of data. These might be arranged as follows:

Turnover of store 1 week 1 0001

Turnover of store 1 week 2 0002

Turnover of store 1 week 50 0050

Turnover of store 2 week 1 0051

Turnover of store 100 week 50 5000

The members of the population can be numbered from 1 to 5,000, using
a four-digit notation, as shown in the right-hand column of the above
table. The table is not set out in full for reasons of space: however, it is
easy to calculate that the turnover of store 7 in, say, week 47 is
represented by the number 347 (i.e. 6 x 50 + 47). The problem of
selecting, say, 200 of these weekly turnover figures, each with an equal
chance of being picked, can now be translated into the task of obtaining a
similar sample from the digits 0001 to 5,000.

There are a number of ways of obtaining the necessary random numbers,
such as computer generation or by using random number tables. The
latter method consists of reading off four-digit numbers from the tables.
(Because there are 5,000 elements in the population, we ensured that
each one was numbered with a four-digit number: hence 0001, etc.) For
example, the random numbers 0347, 4373 and 8636 would be interpreted
as follows:

0347: week 47 of store 7 is the first member of the sample

4373: week 23 of store 88 is the second

8636: this is bigger than 5,000, and so is ignored.

We proceed in this way until we have selected the desired sample size
(200 items). Note that because each digit in the table has an equal chance
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of being 0, 1, 2, ..., 9, we have ensured that each element of the
population has an equal chance of being sampled, that is, we have a
simple random sample.

Following the above procedure, it is possible, by pure chance, that the
200 sampled weeks may come from just a few stores’ figures, with many
stores not being represented. If the 100 stores are similar in their trading
patterns, this may not matter, but, if we wish to ensure that there is a
good spread from the stores within the sample, we can stratify before
sampling. By way of illustration, this can be done by taking each store’s
figures as a stratum and taking a sample of 2 weeks within each. Thus,
the data on store 1 would form the first stratum:

Turnover, week 1 01

Turnover, week 2 02

Turnover, week 50 50

Note that we need only two-digit random numbers now. The random
numbers 33, 67, 00, 98 and 09 would be interpreted as follows:

33 the turnover of week 33 is selected

67 bigger than 50, so this is ignored

00 too small (01 is the lowest in our numbering)

98 too big, so ignored

09 the turnover of week 9 is selected.

These two figures would form the contribution to the sample from the
first stratum. Repeating this procedure for the 2nd to the 100th stratum
(store’s figure) would now produce a randomised sample in which every
store was represented.

Before we leave this example, it should be noted that there are many
other ways of stratifying. For example, it may be that stores number 1-
10 are far bigger than the others and so should be better represented in
the sample. In such a case, you might work with just two strata (larger
stores’ turnover figures and small stores’ turnover figures) and then
sample (at random) 100 values from each. In practice, situations like this
demand the use of personal judgement when determining how to stratify
and what proportion of the sample to include from each stratum. In other
situations, it is possible to be a little more precise, as the following
example illustrates.

Other sampling methods

If we reconsider the examples in the preceding section, we shall see that
there can be great practical problems in using random methods of
sampling. First of all, in order to use random number tables (or any other
method of ensuring randomness), we need a list of the population. This
list is often called a sampling frame. As we shall see, there are many
instances where a sampling frame is unavailable. Even when one is,
stratified random sampling may be impossible. For instance, in the
previous example, to stratify the population it would be necessary to
divide the sampling frame (possibly the town’s electoral register) into the
four categories shown. This would not be possible, since an individual’s
age could not easily be determined from the register. Note that it would
not be sensible to try to find the age of every individual in the town, as
one would then be contacting every member of the population — the
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whole idea of sampling is to avoid such an onerous task! A second
practical problem lies in the cost of random sampling. Imagine taking
even a simple random sample of 1,000 people from a town’s electoral
register. This would involve counting down the register to find person
number 139,103 (say), which our random number tables gave us, then
contacting her or him to conduct an interview. Multiply this by 1,000 and
you will appreciate the immense time and expense involved. A number
of alternative sampling methods have been devised to get round some of
the problems listed above.

. Cluster sampling consists of taking one definable subsection of the
population as the sample. Thus, you could take the inhabitants of one
street as a cluster sample of the population of a town. However, such a
sample is unlikely to be representative, and so a variation might be to
take the inhabitants of five streets (chosen at random from an
alphabetical list) as the sample. The latter example could still be
unrepresentative but would be a great deal easier and cheaper to survey
than a sample randomly spread all over the town. Cluster sampling is a
random method provided that the clusters are randomly selected, but it
does not give data as reliable as that given by either simple random or
stratified random sampling. It is widely used for reasons of speed,
cheapness and convenience.

. Systematic sampling involves taking every nth member of the
population as the sample. This can be applied with or without a sampling
frame, and so may or may not be a probability method. As an example, a
sample could be drawn from an electoral register by selecting every
1,000th on the list. In a quality-control situation, we could take every
100th batch coming off a production line for testing. Note that, in this
latter case, we have only part of the sampling frame, those batches
produced near the time of sampling. A complete sampling frame,
consisting of all past and future batches, would be impossible to obtain.
Systematic sampling from a sampling frame provides a good
approximation to simple random sampling without the bother of using
random numbers. Problems of bias arise only if there is a cycle in the
data that coincides with the sampling cycle. For instance, if, in the
quality-control situation, 100 batches were produced every two hours,
then you might find yourself always sampling the last batch prior to staff
taking a break: this might not be representative of the general quality of
production. In general, however, systematic sampling provides random
samples almost as reliable as those of simple random sampling and in a
much more convenient manner.

. Quota sampling is essentially non-random stratified sampling. The
members of the various strata are called quotas , which are not chosen at
random but are selected by interviewers. The market research agency in
the previous example could draw its sample by issuing quotas of:

347 females, 35 and over

163 females, under 35

333 males, 35 and over

157 males, under 35

The actual members of the sample would be selected by the interviewers,
as they moved around the town. When the respondent’s age was
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determined, he or she could be included as part of one of the above
quotas. When a quota was complete, no more people from that category
would be included. This subjective element is an obvious source of bias
which can be reduced in practice by training interviewers to choose a
‘spread’ within each quota. For example, they would be encouraged not
to choose all 40-year-olds in the ‘35 and over’ quotas, but to try to
achieve a variety of ages within the range. This method is cheap, quick
and easy and, in particular, it does not require a sampling frame. It has all
the advantages of stratified sampling at a much lower cost, but it is not
random: information obtained from it may well be biased and there is no
means of measuring its reliability.

Multistage sampling

We conclude the discussion of sampling techniques by looking at a
method commonly used when a survey has to cover a wide geographical
area without incurring great expense. Multistage sampling , as its name
implies, involves splitting the process into a number of (typically three)
separate steps. An example will illustrate.

Example

If you were organising a nationwide opinion poll, how would you set
about organising the sample, using a multistage technique?

Solution

The first stage is to divide the country into easily definable regions: in
the case of a political survey such as we have here, the 651 parliamentary
constituencies are ideal for this. It is now a straightforward matter to
select, at random, twenty (say) of the constituencies.

In the second stage, the regions are split into smaller, more manageable,
districts. There is an ideal subdivision in this example, namely the
political wards within each constituency. A random sample of (say) three
wards might now be selected within each of the twenty constituencies
obtained in the first stage. Note that we have now a sample of sixty
wards, randomly selected, and that these could be obtained by one person
in a matter of minutes, provided that a complete list of constituencies and
wards and a set of random number tables are available.

The time-consuming stage is the third and final one, that of contacting
and interviewing a sample of (say) thirty voters in each of the sixty
wards. This could be done at random from the electoral registers of the
wards, thereby ensuring that the whole process is random. A faster and
less expensive alternative, albeit one that risks the introduction of bias,
would be a non-random method such as quota sampling. The quotas
might be by gender and age or, working with a larger budget, might be
more sophisticated.

This sample involves two stages of cluster sampling and a third that may
be either systematic or quota sampling.

One criticism of multistage sampling is that the regions in the first stage
and the districts in the second stage will not each contain the same
number of people. In the above example, one constituency may have
40,000 electors, whereas another may have 60,000. As the two are
equally likely to be chosen in stage 1, an elector in the former
constituency will be 1.5 times as likely to appear in the final sample than
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an elector in the latter constituency (one in 40,000 as opposed to one in
60,000).

A variation that redresses this imbalance is sampling with probability
proportional to size. Hence, we weight the chances of choosing a region
(stage 1) and then a district (stage 2) according to the number of people
in the region or district; larger regions or districts having proportionately
more chance of selection than smaller ones. In the above example, we
would ensure that a constituency of 40,000 electors has two-thirds the
chance of being selected as does a constituency of 60,000 electors, by
allocating two-thirds as many random numbers to the former as
compared with the latter. This proportion will then exactly compensate
for the imbalance referred to in the preceding paragraph.

You will virtually certainly have a question in your assessment which
requires you to differentiate between the different types of samples.

Secondary data: sources

There are numerous potential sources of secondary data that could be
used to provide the required information in a given situation. Searching
out sources is usually not too problematical: the real difficulty lies in
judging whether the data adequately matches the requirements or
whether primary data should be sought.

Sources of secondary data can be categorised into three types. First of
all, there are data collected and compiled internally by the organisation,
such as its financial reports and accounts, personnel records, and so on.
Second, there are business data produced by sources external to the
organisation. Under this heading come the results of surveys by the CBI,
the financial press and similar sources. Finally, we have the many
government produced statistics on a whole range of commercial and
demographic topics, any one of which might be applicable in solving a
business problem.

These publications are too numerous to list here, but the Office for
National Statistics Guide to Official Statistics is published annually and
gives a comprehensive catalogue of sources of official statistics.

Questionnaires

In many situations, data are collected by asking a sample of people a
series of questions. The printed form used by interviewers to pose the
questions or for respondents to complete themselves is termed a
questionnaire . Although it is unlikely that management accountants will
have to design questionnaires, they may have to commission their
design, or may encounter them in some other way. It is therefore useful
to be able to judge whether a questionnaire is well designed; as poor
design could lead to the collection of unreliable data.

The basic ideas are to make it as easy as possible to answer the questions
accurately and to encourage respondents to complete the questionnaire, if
interviewers are not being used. Overall, therefore, the questionnaire
needs to be as brief as possible, consistent with the data that needs to be
collected: long documents can be off-putting. In addition, it should be
logically structured and well laid out, otherwise errors can be introduced
through confusion or, again, respondents may be discouraged from
completing the forms. The individual questions, in particular, need
attention. There are a number of do’s and don’ts to be considered when
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drafting questions, all again concerned with obtaining accurate and
reliable responses from the sample. These are listed below.

Do not ask ambiguous questions.

Do not use leading questions.

. Do not pose questions that require technical knowledge or that use a
complicated vocabulary.

.Give a brief, simple list of possible answers, whenever you can.

«Put personal or difficult questions at the end of the questionnaire.

Do not ask questions that rely too much on memory.

. Try to avoid open-ended questions.

Contact with respondents

The following methods of making contact with respondents are all in
wide use and have different advantages and disadvantages.

. Interviewers undoubtedly get the best results. The response rate is high,
the questionnaire is filled in immediately and in an accurate manner, and
any misunderstandings on the part of the respondent can be rectified.
However, the method is not without disadvantages. It is time-consuming
and costly. The interviewer needs to be well trained in order to ensure
that he or she does not introduce interviewer bias by posing questions in
such a way that respondents are inclined to give certain answers.
Respondents may not be prepared to discuss certain topics in an
interview, but might be prepared to complete a questionnaire privately.
Finally, in interviews the respondent cannot take time to ‘mull over’ the
questions. Indeed, they may answer quite thoughtlessly in order to speed
up the interview. Notwithstanding the disadvantages, face-to-face
interviews are generally regarded as the best method of contact with
respondents because low response rates and poorly completed
questionnaires are so devastating in surveys.

. Enumerators deliver the questionnaires and explain to the respondents
what the survey is about and so on. A few days later they collect the
completed questionnaires and deal with any problems that have arisen.
The method secures quite good response rates, although not as good as
face-to-face interviews; it gives the respondent privacy, the time to think
about questions and some degree of assistance and it reduces the
likelihood of interviewer bias. Its disadvantages are that it is costly and
time-consuming and that the forms may not be filled in very well.

. Telephone interviews are the other method in which there is some
personal contact. It is easier to refuse an interview if you are not face-to-
face, so telephone interviews suffer from a still lower response rate. The
method has most of the disadvantages of face to face interviews, namely
interviewer bias, lack of privacy and lack of time to reflect on questions,
plus the additional problem that a proportion of the population,
especially among the elderly and the poor, do not have telephones. On
the other hand, telephone interviews avoid the costs and problems of
having to travel and are not as time consuming or as costly as
interviewing face to face.

.Postal surveys include any methods of delivering questionnaires without
making personal contact with respondents, such as leaving
questionnaires on desks or in pigeonholes as well as sending them by
post. They suffer from very low response rates and are frequently poorly
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completed. They are, however, undoubtedly the cheapest and easiest
method, they are free from interviewer bias and they give the respondent
privacy and the option to take time over answering. Postal surveys are
the only method that can absolutely guarantee confidentiality, since in all
other cases respondents cannot be certain that their names will not be
associated with the completed questionnaire. However, inducements
such as small gifts or entry into a lottery are often given in order to
overcome the low response problem and hence confidentiality is often
lost.

We saw earlier that questionnaires can typically be used in interviewer-
based or postal surveys. Each type of survey has its own implications
when it comes to the design of the questionnaire to be used. For example,
interviewers can explain an unclear point on a form, or can (with good
training) ‘probe’ for deeper answers. With a postal survey, therefore,
even greater care is needed when drafting questions, and some types of
‘probe’ or follow-up question may not be possible at all.

Importing data to Excel

Having identified data to be used for an application that can be managed
in Excel it is sometimes possible to import that data from its original
source as opposed to having to re-enter the information directly into the
spreadsheet through the keyboard. Excel has a number of importing
options, some of which are described here.

Importing data from Word

The data shown in Figure 2.2 has been entered into Word using the Tab
key to space it out. This information can be copied and pasted directly
into Excel and the tabs indicate to Excel where the cell change occurs.
Figure 2.3 shows the data after copying into Excel.

Month BAon TuEs Wed Thurs Frl

lan 570 539 SO 563 497
Feb 520 1480 510 1500 430
kar 1562 = 562 518 2 1]
ApT 568 516 550 1562 556
May 1555 5 548 544 1554
June 562 1553 S60 438 554
.'ul:r' 562 553 1575 539 531
awg 1586 56T 1] 529 SET
Sept Soh 537 574 555 580
Ot S&D 1550 557 554 LE3
Naow 562 519 56D 1530 S50
Dhac 57 553 324 501 1550

& B~ ESE T E E H

Using the Excel Text to Columns feature

Sometimes it is not possible to copy and paste information from another
source into Excel and have the data automatically drop into cells
correctly. This might be when data is being selected from a database
system or an accounting system. In such cases it is usually possible to
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instruct the external source to export data with a pre-defined separator,
sometimes referred to as a ‘delimiter’ . Figure 2.4 shows some data that
has been separated by commas.

o, 30, car, 45, fimanca

Browen, 47 bicycle B sales

tacD uffy, 32, car, 20, 5ales

Gre@gory. 2 3nealk. 2, admin

Hafeez 29,cCar, 15 peErsonnel

Bundl 54, b cycle, 1 0, finamcs
When this data is copied into Excel it appears as shown in Figure 2.5 .
The Excel Data Text to Columns command can now be used to separate
this data into different cells. First select the data in the range B4:B9 and
then select Data Text to Columns. A dialogue box is displayed on the
screen and in this example the delimiter should be set to comma. Click
next and next again and then finish.

In obtaining data, various decisions have to be made. You should
understand what the following mean and be able to discuss their
relevance and advantages and disadvantages.

- What resources of staff, time and money are available?

« Will you use primary or secondary data?

« Will you sample or survey everyone?

.If sampling, is there a sampling frame?

.Can you stratify?

. Depending on the above, what sampling method will you use? You
should know the relative merits of simple random, stratified random,
systematic, cluster, multistage and quota sampling.

. How will you approach the respondent? You should know the
advantages and disadvantages of using interviewers, enumerators,
telephone interviews and postal questionnaires.

«How will you design the questionnaire? You should know the pitfalls to
avoid and the features of good design to suit your chosen method of
contact with respondents.

. Having obtained the data, subsequent chapters will show you how to
turn it into information.

REVIEW QUESTIONS

Q1-Describe the Difference between Information and Data.
Q2-What are the sources of Primary Data? Describe Sampling.
Q3-What are Probability Sampling Methods? Describe.
Q4-What are the Sources of Secondary Data?

Q5-Define Questionnaires and its use in data collection.
FURTHER READINGS
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Introduction to Business Mathematics- R. S. Soni
Business Mathematics : Theory & Applications- Jk. Sharma
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INTRODUCTION

Data, when first collected, are often not in a form that conveys much
information. Such raw data, as they are called, may just consist of a list
or table of individual data values: if the list or table is of any appreciable
size then it may need some refinement before anyone can draw
conclusions from it. In this chapter we look at ways in which raw data
can be collated into more meaningful formats, and then go on to see
some pictorial representations of data that provides convenient ways of
communicating them to others. We begin by looking at linear and other
important graphs.

Linear graphs

For each function of one variable there is an associated graph . This is a
pictorial representation in which every value of x , with its associated
value of y, is shown. In order to do this, pairs of values of x and y are
plotted on graph paper as illustrated in the example below.

Example

Calculate the values of y in the function

y =3+ 2x

corresponding to the values: x=2; x=1; x=3; x =4; x=- 1.
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Plot the five corresponding pairs of values on a graph and hence draw the

¥

(=]

b B B oM B R
1 1 1 1 1 1
m

-2

Figure 3.1 Flot of points ond line
graph of the function.

Plot of points and line

Solution

Substituting x = 1 gives

In the same way, it can be seen that x= 3 gives y=9; and x= 4 gives y =
11.

In the final case, x=- 1 gives

The five pairs of values are shown as the points A, B, C, D and E,
respectively, in Figure 3.1 . Two things should be noted about this figure:
1. Values of x are always measured in a horizontal direction, along the x-
axis: positive values to the right, negative to the left. Values of y are
measured in a vertical direction, along the y-axis: positive values
upwards, negative downwards. Thus, the point A is plotted by moving
from the point where the axes cross (the origin, where both variables
have a value of zero).

e 2 to the right (plus 2);

e 7 upwards (plus 7).

These values are known as the x- and y-coordinates of A, respectively.
Point E has a negative x-coordinate of = 1 and a positive y -coordinate of
1, and so is plotted as 1 to the left and 1 upwards.

o Note the scales on the two axes. These distances are marked off on
each axis as an aid to plotting. They need not be the same as each other
(indeed, they are not in this case) but they must be consistent. In other
words, if you decide that one square on your graph paper equals one unit
(or whatever) along the x-axis, you must keep this scale throughout the
x-axis. The scales should be chosen so that the range of x and y
coordinates can be displayed appropriately.

We can now join the points up, in order to form the graph of the
function. In this case, the points lie exactly on a straight line, and so the
joining up can be done best with a ruler. This is an example of a linear
graph.

Solving simultaneous linear equations using graphs

We have seen that breakeven occurs when the cost and revenue graphs
cross. This is the graphical interpretation of the solution of simultaneous
linear equations, and a graphical method could be used instead of an
algebraic method (provided that the scale was big enough to give the
required accuracy).
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Example
Solve the simultaneous equations

5+ 3 =8

Presentation of Data

LE Notes
QL =y -

by graphing the lines using the values x = 0 and x= 5.

If you feel that you need more practice solving such equations algebraically,
you could do that as well. The algebraic solution of simultaneous linear
equations is often slightly easier and lends itself to greater accuracy (as you are
not reading from a graph).
Solution

1 2 3 a4 *—% 7
| X unfts of production
Quadratic graphs
We saw esrliar that the general quadratic function is:
Y =aX?+8X +¢
It has one of two basic graph shapes, as shown in Figure below

Positive a Hiegathee 3

¥

‘ i"f H"a |

x "'--\____ T o

roots.

It is a symmetrical ‘U’ -shape or ‘hump’ -shape, depending on the sign
of a. Another way of saying the same thing is that the y -values drop to a
minimum and then rise again if a is positive, whereas they rise to a
maximum and then fall if a is negative. This is of some importance in
your later studies, when you may need to investigate the maximum or
minimum values of functions for profits or costs, etc. The roots or
solutions of the equation

aX14+ 86X +c=0

are given by the intercepts on the x -axis, and by symmetry the
maximum or minimum is always halfway between them. Some quadratic
equations do not have real roots, and in these cases the graph simply
does not cut the x -axis at all = as shown in Figure above.

Quadratic equation with no roots

With computer-based assessment you cannot at present be required to
actually draw graphs, so questions are likely to ask for the labels of axes,
coordinates of particular points and the information given by particular
points.
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An example will illustrate a simple way of converting raw data into a
concise format.
Example

o § ent, e heod of e finance saection of o large company spot

counting, when each fifth notch is reached, it is marked thus: Il
Number of invoices left

The ‘totals’ in the above table are called frequencies and the table is

called the frequency distribution of the sample. Thus the frequency of 0
invoices is 3 and so on.

Discrete and continuous variables

There is an essential difference between the variables considered in
Examples 3.5.1 and 3.5.3. The former is discrete, whereas the latter is
continuous. That is to say, the number of invoices can only consist of
certain values:

Qorlor2or...

but never 1.6, 2.3 and so on.

On the other hand, the time taken to undertake a certain operation can
theoretically take a value to any level of precision:

20.2 minutes

20.19 minutes

20.186 minutes

20.1864 minutes and so on.

In Example 3.5.3, the management services staff chose to measure to one
decimal place: theoretically, they could have chosen to measure to two,
three or any number of places. A number of invoices cannot be measured
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any more accurately than in whole numbers. This distinction has a
number of consequences. Here, it can affect the way we tally.
Continuous variables, such as the times to undertake a certain operation,
can rarely be tallied as individual values, since few of them will coincide
to give meaningfully large frequencies. Classifying is therefore almost
always necessary with continuous variables. As Example 3.5.1
demonstrated discrete variables can sometimes be tallied with single
values. However, with a wider range from (0 to 100, for example), the
problem of having frequencies being mostly 0, interspersed with a few 1
s, could still arise: it is therefore sometimes necessary to use classes for
discrete data too.

There are numerous ways of classifying when it is necessary. For

instance, in Example 3.5.3, we could have used

15 o 17
171 [ 19

191 21 and =0 on

15 16.95
16.%5 1o 18.95
18.95 to 20.95 and soon
Both of these could be problematical if the measurements were later
taken to the nearest twentieth (0.05) of a minute, as we should have
difficulty placing 17.05 minutes in the former classification and 18.95
minutes in the latter. For this reason, we recommend that continuous
variables are always classified:
15 to under 17
17 to under 19 and so on.
PRESENTATION OF DATA
Example
At the factory mentioned in Example 3.5.4 the daily outputs of a
different product (Q) are measured to the nearest kg and are recorded as:

B3

i v

Tally these data into a frequency distribution using the intervals 350-
under 360; 360—under 370 and so on.
Solution

Uroee e

Cumulative frequency distribution

It is sometimes helpful to develop the idea of frequency further and to
look at cumulative frequencies. These are the number of data values up
to — or up to and including — a certain point. They can easily be compiled
as running totals from the corresponding frequency distribution, as the
following will illustrate.
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Example

Form the cumulative frequency distributions from the data given below
Hence estimate:

(a) how often there are more than four invoices left unprocessed at the
end of the day;

(b) how often the time taken beats the target of 23 minutes.

Solution

The frequency disiiibuiion of the number of unprocessed invoices can be vsed to oblain:
iNumber of inveices
leff unprocessed
fless than or equal) Cumuinfive fequenc
0 3 [simply the frequancy of ")
R T I -
B ne J
Ea R
; ; [
3 "-h:]
23
25
¢ 26

In the same way, for the distribution of times taken to undertake the
operation:

15 0 ) ino walues. below 15 minukes)
lhequency ot the first class]

-

& i & L A
[+ {.B. O T
=) g 4 10
o il

In the latter example, we have to take the upper limit of each class to
ensure that all the values in the class are definitely less than it. We must
use ‘less than’ as opposed to ‘less than or equal’ here because it
corresponds to the way the frequency table has been compiled.

It is now a simple matter to estimate:

(a) 26 - 23 =3 occasions out of 26: that is, 11.5 per cent;

(b) 25 occasions out of 30: that is, 83.3 per cent.

How reliable these estimates are depends on how typical or
representative is the period or month in which the samples are taken.

We shall see further applications of cumulative frequency in the
following section.

Histograms and ogives

Many people find it easier to understand numerical information if it is
presented in a pictorial form, rather than as a table of figures. In this
section, therefore, we look at diagrammatic representations of frequency
and cumulative frequency distributions. A histogram is a graph of a
frequency distribution. The x -axis is the variable being measured and
the y -axis is the corresponding frequency. It differs from the graphs
drawn earlier since, in the examples so far, the frequency is represented
by the height of a block. The base of the block corresponds to the class
being represented, so that it is usual to draw histograms only for
continuous variables. .
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s W 19 21 #3 5

Time {minutes)

An ogive is a graph of a cumulative frequency distribution. The x -axis is
the variable being measured and the y -axis is the corresponding
cumulative frequency, the x — and y -values being plotted in exactly the
same way as we discussed earlier. With a discrete variable, intermediate
x -values have no meaning in reality (recall 1.6 invoices) and so the
ogive would consist of a series of discrete points. It is usual therefore not
to draw it. With a continuousvariable, the intermediate values do have a
meaning, and so it makes sense to join the plotted points.

This can be done with a series of straight lines, which is tantamount to
assuming that the values are evenly spread throughout their classes. The
ogive of the continuous cumulative frequency distribution encountered
earlier is shown in Figure below.

Before leaving these graphs, we look at one simple example to show how
cumulative frequency distributions and ogives can be used in practice.
Example

Plot the histograms and ogives to represent the data in Example.

Solution

Frequency &
5_
41

3D I/ 40 45 50 55 6O
Output of 4 (units)

Cumulative 254
freguency

30 3I5 :1IIZI IIIE 5IIZI SIS E:IZI
Histogram and ogive
Example The management of the company discussed in Example 3.5.3
wishes to reduce the target time for the operation to 22 minutes.
Assuming the distribution of times remains unaltered, how often will this
target be met?
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Solution

First of all, it is not possible to answer this as a straight reading from the
cumulative frequency distribution, as 22minutes does not correspond to a
value in the table. If we look at the ogive in Figure 3.10 , however, we
can estimate how many of the 30 occasions took less than 22 minutes, by
reading off the graph, as shown. Thus, we estimate that the target will be
met on 21.5 out of every 30 occasions: that is, 72 per cent of the time.
Example

Use the ogive from Example 3.8.1 to estimate:

(a) the percentage of days when output of A is less than 47 units;

(b) the percentage of days when output of A is more than 52 units.
Solution

(1) From the graph, the cumulative frequency corresponding to 47 units is
10.5, so the required percentage is 100 x10.5/22 = 48 percent
(approximately).

(if) From the graph, the cumulative frequency corresponding to 52 units
is 15.5, so the percentage less than 52is 100 = 15.5/22 = 70 per cent and
the percentage greater than 52 is 30 per cent (approximately).

We now give two examples to demonstrate problems that can arise when
drawing histograms and ogives. We shall also at this point introduce a
new diagram called a frequency polygon. For ungrouped, discrete data
this consists of a simple graph of frequencies on values. For grouped data
it is a graph of frequency density on interval mid-points and it may be
obtained by joining the mid-points of the tops of the bars of the
histogram. The first example deals with the important topic of unequal
class intervals.

The resulting correct version of the histogram is shown in Figure 3.12(b)
. Formally, it is the area of the block that is proportional to the frequency.
It will be noted that the areas of the blocks are now in the correct
proportion and that the vertical axis of the graph can no longer be
labelled “frequency’, but is now ‘frequency density’.

Before leaving this example, it is worth pointing out that the ogive of this
distribution (Figure 3.13) would present no extra problems. As this
consists only of plotting the upper limit of each class against cumulative
frequency, the unequal class intervals do not affect matters.

Example

Plot the histogram for the following distribution:

Time taken to complete repeated task (minutes) Frequency

'-I

Frequenor

o b O
£ O B b3 La

Solution
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I
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o
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o0t
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Solution

Frequency Lt
density &0
0

404

30

20

0 20 30 40 ' e 8 ' 10

Time {minutes)
We have taken the standard class width to be ten minutes. For the two
classes whose widths are twice the standard, we have divided frequency
by two to get the frequency density. We have divided by four for the
final class, whose width is four times the standard. Figure 3.14 shows the
histogram.

The compiler of the careers guide also receives, from a different source,
information on the graduate salaries in another profession:

mumber of groduoie
Eﬂr"'_‘:l:
G4
131

b

What problems would the compiler have when drawing the histogram
and the ogive of this distribution?

Solution

We have seen how to deal with the unequal class intervals, but here we
have the extra problem of open-ended classes. When drawing the
histogram, we can either omit the first and last class or estimate ‘closing’
values for these two classes. The former would leave the histogram
looking rather sparse, and, indeed, it is often necessary to close the
classes so as to make certain calculations. It might therefore be advisable
to estimate values such as

2,000 under 10,000 or 15,000 under 16,000

to draw the histogram. In the case of the ogive ( Figure 3.15b ), only the
upper limit of each class is needed, and so it would be necessary to close
only the last class in order to draw the whole ogive. It would also be
possible to draw part of it from just the first four classes, omitting the
last.
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Annual salany E000
Pie charts
There are a number of other, more general, charts and graphs commonly
used to represent business data. In this section we look at one of the most
basic: pie charts. Pie charts are a very easily understood way of depicting
the percentage or proportional breakdown of a total into various
categories. They are so called because the total is represented by a circle,
with each component shown as a sector with area proportional to
percentage. Overall, the chart looks rather like a “‘pie’ with ‘slices’ in it.
Sometimes two pie charts are used to compare two totals, along with the
manner in which they are broken down. In such cases the areas of the
pies, in other words the squares of their radii, are proportional to the total
frequencies.

A company frades in five distind geographical makels. In the lost financial year, s tumover was:

Em
K 5.3
EU, outsioe LK 614
Eunpe, oufside EL 10.3
Mortn Americo 15.6
Ausirolasia L9

-
)

Ln

e
=€l

Display these hemaver figures as a pie chort
i =
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The first shep is o coloslate the percenioge of the tofal umover for each region:

o
L (59 371 54.9) = 378
EU 393
Europe 6.5
[barth America 10.1
Australasia 6.3
Second, in order bo make sach 'slics” of the 'pie’ propodional in orea fo these perceninges, the whole cicle

[3607} has to be apporioned indo five seclicns:

Angle,®
Uk: 37.8% of 360° = 3.1
EU PAE.S
Europe 258
[iorth Amearion 36.4
Aliematively, the aongles can be calculated diredtly as proporfions of 3607, for example
3607 = [539.371 546.9) = 13481
3607 x (6161569 = 141.5% et
Tha malting psie rhnrt is shewm in Figore 3 17
— Bustralasia
| £3.9m
Horth America I—
N 114
Eurcpe, outside EU &
£10.3m £9.3m

EL), outside UK
EE1.6m

Bar charts

Bar charts represent actual data (as opposed to percentage breakdowns)
in a way similar to earlier graphs. They appear similar to histograms, but
with one essential difference: whereas distances against the vertical axis
are measurements and represent numerical data, horizontal distances
have no meaning. There is no horizontal axis or scale , there are only
labels. Other than this proviso, the construction of bar charts is
straightforward, as an example will illustrate.

Example

Represent the data of Example.

Solution

To draw this chart, it is simply a matter of drawing five vertical ‘bars’,
with heights to represent the various turnover figures, and just labels in
the horizontal direction .

Regional B0
i

trarnowver {Em) 5o
A0
30
20
i

5 S48 233 =3 2

B8 (=] S5 =

2 &5 =E %

ol n

E

<
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Figure Bar chart: breakdown of company turnover, last financial year
There are a number of variations on such a basic bar chart, used to
display more data or more complex data.

An example will show just one.

Creating Bar charts using Excel

There are a wide range of different bar charts that can be created in
Excel. Figure shows a basic bar chart that uses the same data as Example
At present you cannot be asked to actually draw charts during a
computer based assessment. Exam questions therefore take the form of
labelling charts, calculating particular values, selecting a type of chart
appropriate to particular data and drawing conclusions from charts.
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B
=
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13|
14 T
15| an =
| mSerias]
17| T = ebelisdl|
16} S
19 =
D -
21 - I
: Ll ELl. putside Euwrope, Morth  Aucstraliasia
E:i Jk outside EU America
o5
25

The chart in Figure is created by selecting the range b3:c7 clicking on the
chart button on the toolbar and selecting the first sub-type option. This
chart is representing a single set of data. Example introduced a second
set of data which was represented using two different types of bar chart —
a side-by-side and a stacked. Figures shows these charts produced in
Excel.

In the case of the side-by-side bar chart the turnover for both companies
for each country can easily be compared.

A slightly different version of the stacked bar is shown in Figure . This
is referred to as a 100 per cent stacked bar and it compares the
percentage each company contributes to the total across each country.
The stacked bar chart compares the contribution of each company to the
total across the different countries.

Excel offers a variety of options when plotting data onto charts. Bar
charts do not have to be represented by upright bars, but can be
pyramids, cones or cylinders. Figure shows side-by-side bar in a pyramid
shape. However, you should in each case, consider the most appropriate
way is which to display date — often, the simpler methods of display are
the most effective.
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Furthermore bars can be positioned horizontally as opposed to vertically.

; . . Presentation of Data
This can be seen in Figure
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Figure a Bar chart using a pyramid shape
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Figure Horizontal bar chart
Another way of looking at this data is to chart the turnover of the two
companies showing the contribution from each country (as shown
previously in Figure. This is achieved in Excel by selecting the data as
before and selecting the stacked-bar chart option from the chart sub-
options. However after clicking next, change the series setting to by rows
instead of by columns. The results are shown in Figure.
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The examples shown so far in this section have been replicating the
charts produced in an earlier section of this chapter.

Tabulation

Sometimes you will need to display actual figures rather than an
illustration of them, and in such cases (especially if the data is to be
presented to a numerate audience) a table may be preferable to a chart.
Example

In country A there were 22,618,462 dwellings. Of these 9,875,380 were
owner-occupied, 6,765,097 were council rentals, 3,476,907 were private
rentals and the remainder were held under a variety of tenures. In country
B there were 1,846,093 in total and the numbers in the above categories
were 569,043, 903,528 and 278,901, respectively. Display this
information in a table.

Solution

The first step is to realise that the figures are “far too accurate’. The table
will be too cluttered if we retain this accuracy, so we will round each to
the nearest thousand. We shall also need to calculate numbers in the
‘others’ category.

The next step is to decide upon the basic shape of the table. It shows four
categories of housing in two countries, so the basic shape of the table is
one column per country and one row per category.

Country A Country 8

Type of dwelling Nurmber Number

["OhDT) % (O] T
Orwmnver-ocoupied 0, E75 44 ] 3|
Coumcil rental 6,765 30 o0 il
Private remtal 3477 15 T4 15
Others £.50 1 o 5
Total 22,618 100 1,846 100

Were you to draw the table in rough at this point (always a good idea)
you would see that another row is needed for the totals. Furthermore, you
would probably realise that country A has so many more dwellings than
country B that they are not really comparable. This is dealt with by
turning the frequencies into percentages, which will require two more
columns. Figure shows the finished table. By using percentages we have
been able to pinpoint the way in which patterns of owner-occupation and
council rental are almost directly opposite in the two countries.

The basic rules of tabulation are:

o the aim is to present the data in an orderly fashion so that patterns can
be seen;

o the table, with its title and headings, should be self-explanatory;

o It should be as simple as possible;

« combine small, unimportant categories if this simplifies the table;

« eliminate unnecessary detail by rounding;

« Find totals, subtotals and percentages where appropriate;

o think about who the table is aimed at — this may decide what other
figures you calculate and how you position them;

o figures likely to be compared should be adjacent or at least close to one
another;

o State units;
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o State the source of the data if known.

Pareto analysis — The 80-20 rule
Pareto analysis was proposed by an Italian economist Vilfredo Pareto to
describe how a relatively small part of a population may be so important.
Pareto initially referred to wealth among individuals. He pointed out that
a small number of individuals own a large portion of the wealth of any
society. This idea is sometimes expressed more simply as the Pareto
principle or the 80-20 rule.
In a business context the 80-20 rule states that a small number of clients
will be responsible for a large proportion of the turnover, or a small
number of inventory items will be responsible for a large amount of
sales, or a small number of staff will present a disproportionate level of
challenges to the management. When the term *80-20 rule’ is used in this
it does not always mean that it will actually be 20 per cent of the clients
that produce 80 per cent of the profit as sometime it may be a smaller
percentage like 10 which will produce the over whelming share of the
profit.
In business the 80-20 rule essentially says that one should identify the
really important elements of the business and focus the majority of one’s
time and effort on these elements.
It is possible to express the 80-20 rule in terms of a mathematical
function and draw a probability density function. However, below is
described a more practical approach to the 80-20 rule using simple
commands in Excel. The managing director wants to know on which of
these products the sales force concentrate should. There is an
understanding that the best-selling products have the most upside
potential. Therefore, it has been decided to apply 80-20 rule type
thinking and highlight the best-performing products. There is a three-step
process involved.
The first step is to sort the original data by the unit sales . This is
achieved by selecting the range c 6: e 27 and selecting data sort . In the
top box select unit sales , check the Descending box and make sure that
Header Row is checked and click ok to perform the sort. Figure 3.30
shows the sorted data by unit sales .
The second step is to calculate the percentage of the total that each
product line represents. To do this the following formula is entered into
cell f7.

= g7 [$ES28
This formula can be copied to the range f 8: f27
Now the third step is to calculate the cumulative sales in column g . Into
cell g 7 enter:
=F/
And into cell g 8 enter
= GT+F8
This formula can be copied into the range g 9: g 27. Figure 3.31 shows
the completed 80-20 rule table.

From Figure 3.31 it may be seen that Products F, U, L, T, I, D and A are
the best performers and it is on these products that most effort should be
expended.
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Using spreadsheets to produce histograms, ogives and

pie charts
Excel is a useful tool to create professional-looking charts including
histograms, ogives and pie charts.

Creating a histogram in Excel

In order to show how to create a histogram in Excel, the data from
Example will be used. Figure 3.32 shows this data in the spreadsheet.

As previously explained in this chapter, a histogram is a graph of
frequency distribution, where the x axis is the variable being measured
and the y axis is the corresponding frequency. In order to calculate the
frequency distribution of the time taken to complete 30 repetitions of a
task the Excel frequency function is used. The format of the function is =
frequency(datarange,bin ), where Bin refers to the required range of to be
used for the x axis — in this example, time in minutes. Figure 3.33 shows
the calculated frequency table in Excel.

Before entering the frequency formula into the spreadsheet first select the
range j 3: j 9 and then enter:

= frequency (b 3: g 7, i3: 1 9) and hold down the ctrl key and the shift
key whilst pressing enter .

The formula is entered into all the cells in the range — this is referred to
as an array function in Excel.

We now have the data that we want to plot onto a histogram, so select
the range j 2: j 9 and click on the chart icon. Select Bar chart and take the
first option of side-by-side bars. Click next to see the current chart. The
chart so far is shown in Figure 3.34.

Figure First step in creating the histogram

The next step is to take the numbers in the range i 3: 1 9 and use them as
the labels for the x axis on the chart. To do this, click on the series tab
and then click in the box next to the prompt ‘Category x -axis labels’ .
Now select the range i 3: 1 9 and then click finish. The chart is drawn as
shown in Figure.

Histograms are generally shown with the side-by-side bars touching and
using the chart formatting options in Excel this can be achieved here.
Right click on one of the bars on the chart and select format data series .
Then select the options tab. Set the gap width to zero and click OK. To
finish off the chart it is helpful to add titles to the x and y axes. Right
click on the white area surrounding the chart and select chart options,
and then select the titles tab.

Readings

Company reports contain a mass of statistical information collected by
the company, often in the form of graphs, bar charts and pie charts. A
table or figures may not provide a very clear or rapid impression of
company results, while graphs and diagrams can make an immediate
impact and it may become obvious from them why particular decisions
have been made. For example, the following graph provides a clear idea
of the future of the company sales manager:
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But pictures and diagrams are not always as illuminating as this one —
particularly if the person presenting the information has a reason for
preferring obscurity.
The gee-whiz graph
There is terror in numbers. Humpty Dumpty’s confidence in telling Alice
that he was master of the words he used would not be extended by many
people to numbers. Perhaps we suffer from a trauma induced by early
experiences with maths. Whatever the cause, it creates a real problem for
the writer who yearns to be read, the advertising man who expects his
copy to sell goods, the publisher who wants his books or magazines to be
popular. When numbers in tabular form are taboo and words will not do
the work well, as is often the case, there is one answer left: draw a
picture. About the simplest kind of statistical picture, or graph, is the line
variety. It is very useful for showing trends, something practically
everybody is interested in showing or knowing about or spotting or
deploring or forecasting. We’ll let our graph show how national income
increased 10 per cent in a year.
Begin with paper ruled into squares. Name the months along the bottom.
Indicate billions of dollars up the side. Plot your points and draw your
line, and your graph will look like this:

fban

T
F M & M 1 1 A 5 O N D

Now that’s clear enough. It shows what happened during the year and it
shows it month by month. He who runs may see and understand, because
the whole graph is in proportion and there is a zero line at the bottom for
comparison. Your 10 per cent looks like 10 per cent — an upward trend
that is substantial but perhaps not overwhelming. That is very well if all
you want to do is convey information. But suppose you wish to win an
argument, shock a reader, move him into action, sell him something. For
that, this chart lacks schmaltz. Chop off the bottom.

24

20

b

FMAamwmiI 1 as OND
Now that’s more like it. (You’ve saved paper too, something to point out
if any carping fellow objects to your misleading graphics.) The figures
are the same and so is the curve. It is the same graph. Nothing has been
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falsified — except the impression that it gives. But what the hasty reader
sees now is a national-income line that has climbed half-way up the
paper in twelve months, all because most of the chart isn’t there
anymore. Like the missing parts of speech in sentences that you met in
grammar classes, it is ‘understood’. Of course, the eye doesn’t
‘understand” what isn’t there, and a small rise has become, visually, a big
one.

Now that you have practised to deceive, why stop with truncating? You
have a further trick available that’s worth a dozen of that. It will make
your modest rise of 10 per cent look livelier than one hundred per cent is
entitled to look. Simply change the proportion between the ordinate and
the abscissa. There’s no rule against it, and it does give your graph a
prettier shape. All you have to do is let each mark up the side stand for

only onetenth as many dollars as before.
$pn 220

218

216

214

1.2

3
.6
0.4
2
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[~ =1 [= =1 -
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That is impressive, isn’t it? Anyone looking at it can just feel prosperity
throbbing in the arteries of the country. It is a subtler equivalent of
editing ‘National income rose 10 per cent’ into ‘. . . climbed a whopping
10 per cent’ . It is vastly more effective, however, because it contains no
adjectives or adverbs to spoil the illusion of objectivity. There’s nothing
anyone can pin on you.

And you’re in good, or at least respectable, company. A news magazine
has used this method to show the stock market hitting a new high, the
graph being so truncated as to make the climb look far more dizzying
than it was. A Columbia Gas System advertisement once reproduced a
chart “from our new Annual Report’ . If you read the little numbers and
analysed them you found that during a ten-year period living costs went
up about 60 per cent and the cost of gas dropped 4 per cent. This is a
favourable picture, but it apparently was not favourable enough for
Columbia Gas. They chopped off their chart at 90 per cent (with no gap
or other indication to warn you) so that this was what your eye told you:
living costs have more than tripled, and gas has gone down one-third!

Gowvernmant payrolis up! Governiment payrolic ctablat

30

| im

z0 =

$19,500, 000

I ¥ A 5 O N D A 50 NOD
1937 1937
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Steel companies have used similarly misleading graphic methods in
attempts to line up public opinion against wage increases. Yet the
method is far from new, and its impropriety was shown up long ago — not
just in technical publications for statisticians either. An editorial writer in
Dun’s Review back in 1938 reproduced a chart from an advertisement
advocating advertising in Washington, D.C., the argument being nicely
expressed in the headline over the chart: Government payrolls up ! The
line in the graph went along with the exclamation point even though the
figures behind it did not. What they showed was an increase from near
the bottom of the graph clear to the top, making an increase of under 4
per cent look like more than 400. The magazine gave its own graphic
version of the same figures alongside — an honest red line that rose just 4
per cent, under this caption:

Government payrolls stable!

Postscript

Remember that if you are presenting information your objective will be
to inform. Visual images can have an impact out of all proportion to the
supporting detailed numbers. It is not sufficient to get the numbers right
while your visual representations are slapdash — the end result may be to
mislead or confuse your audience. As a user of statistical information,
remember that the pictures you see may not give the same impression as
a detailed numerical analysis would reveal. It is often essential to get
behind the graphics and delve into the raw statistics.

REVIEW QUESTIONS
1. The managers of a sales department have recorded the
number of successful sales made by their 50 telesales
persons for one week, and the raw scores are reproduced
below:

20 10 17 22 35 43 29 4 12 24
24 32 3 L3 40 22 3 21 30
10 49 32 i3 25 26 i3 4 34 1z

24 17 18 W4 37 32 17 36 32 43
12 7 43 32 35 2 38 32 M
Sales persons who achieve fewer than twenty sales are required to
undertake further training.
a Complete the table displaying the data as a grouped frequency
distribution. Sales Frequency
Siales Frequency
10-14 6
15-19 §
20-24 A
25-24 B
C 14
e B
P =
b Suppose the frequency distribution for the data was as follows:
Sales Frequency Cumulative frequency
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Business Mathematics Saxlles Frequesmcy Cremulative frequency

10 and under 15 o G

Not 15 and under 20 12 H
otes 20 and under 25 17 I
15 and under 30 Fj i

Find the cumulative frequencies G, H, | and J.
c. Suppose the frequency distribution and cumulative frequencies
were as follows:

Seales Freqguency Crimslsieive frequemncy
10 and under 15 7 7
15 and under 20 1G5 23
¥ and under 25 13 36
25 and under 30 - 40
Cumufativa
fragaiency
5 1
q e
D -
o
} } } |
K L M N o
Numbar of sales

The chart is the cumulative frequency diagram illustrating this data.
Find the values corresponding to the letters K-S.
2. The data below shows the number of people who passed
through an airport terminal each day for a four-week period.

A E CREE E F G H | |

Mo, of people passing throwsh an airport terminal per day over a 4 wesk period

1

2 Al nos. I housands

3 hon Tues Wed Thwr Fri Sal = g
4| VWaalk 1 122 177 103 161 A 112 145
5 |Weak 2 T8 133 109 125 106 123 1E4
B |Weealk 2 124 181 152 145 1401 L= 153
| Waak 4 158 1544 113 144 167 128 149

(A) Using this data produce a frequency distribution table to show
the variation in the volume of traffi ¢ through the terminal.

(B) Produce a histogram to graphically illustrate the frequency
distribution.

(C) Calculate the cumulative frequencies.

(D) Produce an ogive chart to illustrate the cumulative frequency
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INTRODUCTION

In Chapter 3 we saw how a set of raw data can be made more meaningful
by forming it into a frequency distribution. Often it is advantageous to go
further and to calculate values that represent or describe the whole data
set; such values are called descriptive statistics. The most important are
the various averages that aim to give a typical or representative value for
the distribution. The other major group of descriptive statistics are the
measures of spread, which tell us how variable the data are.

The arithmetic mean

Most people would understand an ‘average’ to be the value obtained by
dividing the sum of the values in question by the number of values. This
measure is the arithmetic mean, or, where there is no possibility of
confusion, simply the mean. Further, if the data being considered is
sample data, we refer to the sample mean to distinguish it from the mean
of the population from which the sample is drawn. To understand the
notation, consider the following example.

Example

&, shopkeeper i=s

)
AR 4

7

%

%

%

%

%

%

%

%

%

%

%

%

%

%

%

%

%

%

%

)
L X4

overage weskhy

cT 190
£7.120

Clietarmine he mean \-.-(5-:4‘.-:,- takings that tha shopk=eper could guahe.

Solutien

IF the we=khy takings are dencled by the variable =, then the sample mean value of x is writen os® |, proncunced

where =, a Gresk copilal lefier 'sigmo’, s the mathemabcoal symbal For “add up’, and n is the number of values

a5+ 1015 £ 300
Y = = 1050

5
m |
A

The shopkesper could thersfore guots o sample mean wesk okings figure of £1,050

As we can see, this formula is very easy to apply and, as indicated above,
merely reflects the arithmetical procedures most people would recognise
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as the determination of an average. It will, however, need some
modification before it can be used to determine the mean from a
frequency distribution, a form in which many data sets appear.

Note how, in general, each x- value is multiplied by its corresponding
frequency, f, and the products are then summed. That is, we evaluate the
product fx for each x- value and then add all the values o f fx. As we are
denoting addition by ‘=", this sum can be written =fx . The formula for
the sample mean from a frequency distribution is thus:

Lk

>/ The denominator of this expression, =f , is simply the sum of
the frequencies, which is, of course, the same as n in the earlier
expression for x.

The median

So far we have dealt with the most commonly used average, the mean.
We now consider another widely used average, the median. In Example
4.2.4, we computed a mean weekly wage of £ 190.60 which the
personnel manager could quote in the wage negotiations. An impartial
commentator could argue (and the manager might agree) that this is a
rather high figure for a supposedly representative average. As 98 out of
the sampled 170 (i.e. 58 per cent) actually earn less than £ 190 per week,
it may well be that in excess of 60 per cent of the workforce earn less
than the ‘average’ of £ 190.60 per week. If we look at this wage
distribution, shown in Figure 4.1 | it is easy to see the cause of this
phenomenon. The two highest frequencies occur at the lowest wage
classes and then the frequencies decrease slowly as the wages increase.
The relatively small number of large wages has caused the mean value to
be so large. Distributions of this type are said to have a long tail or to be
skewed. It is a criticism of the mean as an average that very skewed
distributions can have mean values that appear unrepresentative, in that
they are higher or lower than a great deal of the distribution. To address
this problem, we introduce another measure of average, the median. This
is defined as the middle of a set of values, when arranged in ascending
(or descending) order. This overcomes the above problem, since the
median has half the distribution above it, and half below. We leave the
wage distribution for now, and look at a simpler example.

Example

aekly Iokings are given by the following somple over six weeks. The sample has on arthmefic mean

|

A prospecive purchaser of the business notices thal the mean is higher then the lakings in four of the & wesks
Calaulate the median for him.

Selutien
First of all, we armnge the iakings figures in ascending crder
E900 £1,015 £1,030 £1,040 £1,105 £1,120
The quesfion now is; what is the middle number of a list of six2 With o lifke '--:-.-gh' you can see that here are
two ‘middle’ values, the third and fourth. The median is thus taken to be e mean of these two values.
30 4+ 1040
Mediagn= —— "~ = 1035
Henca, the median weekhy iakings figure that the prospective purchaser could quote is £1,035.

o1
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After this example, it is clear that, in the case of an odd number of
values, the determination of the median is even easier, as there is a clear
Notes single middle item in an odd number of values. In general, if there are n
observations, the position of the median is given by (n = 1) /2. With six
observations, this gives 7/2 = 3.5, which is the position halfway between
the third and fourth observations. In the case of frequency distributions,
the determination of the median is not as straightforward, but can be
illustrated by returning to the earlier wage distribution.

Example

[a) Caleulate the madian of the following dako

Business Mathematics

25 52 18 43 e
[b) Calculate the median aof the dolo on sioff obssnces [hink: uwse cumuloiive frequencies),

Mo, of employess absenf o, of days [ff

LB faaka
Lad fa L3 B 3

= =R =
La La

Solution

|sa} First write the data in order of magnifude:
18 25 27 43 52

The median i in the third position [check: {5 + 1}/2 = 3] and iz tharsfore 27
|5 Find cumulafive requencies:

Mo, of smployees absent Mo, of doys i Cumuiafie frequency
2 2
3 4
4 3 7
5 4 13
& 3 o]
F 3 19
B8 3 72
Thare are 22 observalions, so the position of the medion is given by [22 + 1172 = 11.5, that &, the medion is

midvay between e eleventh and rwelfh cbservations. From the cumulative frequencies it is clear fhat both the
eleventh and twelfth observotions have value 5, =0 the median is 5.

The mode

The mode or modal value of a data set is that value that occurs most
often, and it is the remaining most widely used average. The
determination of this value, when you have raw data to deal with,
consists simply of a counting process to find the most frequently
occurring value, and so we do not dwell on this case here, but move on to
look at frequency distributions.

Example
Find the mods for the Fc”cf:ing gisribuborns:
Complaini per week Mo, of weeks
|.:! | 3 | >
I 12
a 7
o &
- o
o L
4 ]
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Solution

[a) The mada is the value with the highest frequency, so here the mode is one complaint per wesk.

[b) The Fraquency distibulion in the ‘second case shows that the modsl closs (thal one with the highest frequeancy)
is L1835 o under £ 190, Figu shows o way of finding a single value to represent the moda: basi
cally, the consfruction shown weights the mode towards the second most fraquent dass neighbouring the
modal class, the one fo the lelt in this case. The figure shows that the modal weekly wage is approwdmately
E18d.60

Mumber of B0 4
employees £
40
30

20 4

wo 185t 10 195 200 205 210

mode ‘Weakly wage (f)
A comparison of the three averages
As our earlier discussion of the weekly wage distribution indicates, it is
often just as important to use a measure of average appropriate to the
situation as it is to evaluate the measure accurately. In this section we
further discuss the relative merits and demerits of the three averages
encountered in this chapter.
It is arguable that the mode is the least useful and important of the three.
There are many distributions that have no definite single ‘peak’ in their
histograms, and so it is difficult to attribute any sensible meaning to a
modal value in such cases. Further, the mode is often unrepresentative of
the whole data set: it may occur at one extremity of a skewed distribution
or, at the very least, it takes no account of a high proportion of the data,
only representing the most common value. All in all, it is fair to say that,
in the vast majority of cases, the mode renders only a general description
of one feature of a distribution, and is a relatively unimportant average
when compared with the median or the mean.
The mean, on the other hand, has a number of features that usually make
it the most appropriate and representative measure. First of all, it has the
great advantage of being what most people recognise as ‘the average’ . It
is therefore most easily communicated to non-specialists. Second, the
mean is the only one of the three that takes account of all the data: like
the mode, the median ignores some of a distribution by concentrating
only on the middle part. The mean is thus arguably the most
representative of all of a distribution. Finally, the mean is the measure
that is most useful for further statistical analysis. Having said that, there
are some circumstances in which one might consider the median to be
more appropriate than the mean. We have already encountered one
important such occasion in the skewed wage distribution of Example
4.3.3. Data is said to be positively skewed when the tail lies in the
positive direction (i.e. to the right) and negatively skewed when the tail
lies to the left. The mean is always pulled towards the tail, the mode
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towards the opposite steep slope, and the median lies between the two.
So, for positively skewed data such as the wages example (and wage
distributions generally) the mean will tend to overstate the average, and
the mode will underestimate it.

For negatively skewed data the opposite is usually true, with the mean
being too small and the mode too large.

In general, the median can often be argued to be the most representative
average of a highly skewed distribution.

Another instance in which we may doubt the suitability of the mean is
when we are dealing with discrete data. In Example 4.2.2 we saw an
absenteeism distribution which has

Mean 3.07 absentees/day
Median 3 absentees/day
Mode 2 absentees/day

It is impossible to have 3.07 absentees, whereas the other two values are
attainable. This is a common problem when dealing with means of
discrete distributions, which sometimes leads to the median being used.
There is no hard and fast rule here, and each such case must be treated on
its merits. Rounding the mean off to a “possible’ value of three absentees
per day only represents a very small (around 2 per cent) change in its
value. As this now agrees with the median, this common value can be
accepted as the most appropriate measure. The decision would not be so
easy with a discrete variable with a sample mean of 1.4 and median and
mode both 3: rounding the mean to 1 would involve a large (almost 30
per cent) change, and so you would have to accept an unattainable mean
value of 1.4 or the common median/ modal value of 3 as the ‘average’ .
A final category in which you might not use the mean is illustrated
below.

An esiole ogent wishing o guote the overage regional house pnoe in his odvemsing brochunes collotes the fo

lowing dato on the houses he has helped to sall in the last & monthes:

"D tumber of houses

[}
n]

oamhodLs

Solution

W already seen that, in

all three measwes of averoge are of neces
proximafions. Th

ian, howewver, impose an exfra source of
in oder fo obiain x s for use in the formula forx. We hove ic
ossume closing wakess for these dlases. Plausible examples of these valwes might be

30—under £0

20—undar 150

Of course, the voles chosen offed the: xvaolues [the midpoints of the various closses] and huz Fhe valu
esfimates of the median and medial valves ore unaltected by fhis choice as they both ccour fowards the centre of
this distribution.

Again, there @2 no mue for reaching thiz dilemmia. Most peopls would be wi"i'g i overlook the exdra inac
curacy in the mean volus, provided that plowsible closing values for the opsnended classes are available [as
iz fhe case herel. ., however, there was some doubt or debate over the closing values, then the median would
arguably b= the beter measurs

Measures of spread
Having obtained an average value to represent a set of data, it is natural
to question the extent to which the single value is representative of the
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whole set. Through a simple example we shall see that part of the answer
to this lies in how ‘spread out’ the individual values are around the
average. In particular, we shall study six measures of spread, or Notes
dispersion, as it is sometimes called:

.the range;

.the interquartile range;

.the quartile deviation;

.the mean absolute deviation;

.the standard deviation;

.the coefficient of variation.

The range

The measure of spread that is most associated with the mode is the range,
since both statistics are relatively quick and easy to obtain, so they are
well suited to initial exploration of the data. As we shall see later, neither
of them are very useful statistics in most other circumstances.

The range is defined as the highest value minus the lowest value — but
this can be misleading. Where the data is arranged in classes:

Range = Upper most interval limit — Lowest interval limit
Where the data is not grouped, the range is best viewed as the number of
values from the very bottom to the very top and is given by:

Range = Highest value — Lowest value + 1
These apparently different definitions amount in practice to the same
thing. If we regard the highest value as being at the centre of an interval
of unit width, then the uppermost interval limit is given by the highest
value plus 0.5. Similarly, the lowest interval limit will be given by the
lowest value minus 0.5. Consequently, the value of the range is the same
whichever method is used. The following example will illustrate the
calculation of the range, and will demonstrate why such a measure may
be needed.

Example

& recently retired couple ore considering investing Iher:s-“ﬂ:': o sums in the purchase of a small shop. Two
s..u‘aJ, .»Ied premises, A and B, are discoversd. The av

Descriptive Statistics

fngs of the two shops are quoted as
£1,050 and £1,080 for A ond B, respectively. Upon furth her |n-nz~5|q" ion, the imwesiors discover that fhe aver

oges quoted come fom the following recent weekhy tak rigs figures:
Shop A: £1,120 6590 £1,040 £1,030 05 £1,015
Shop B: £1] "“‘;‘,_n £505 EF1S £1,005 £2,115 £850

Agvisa the couple.
Solution
You caon easly check that the “averages’ quoted o, in foci, the means of the two samples. Based on these two
|:- s alone, i T'ghl seem sensible for the couple o nre er shop B 4o shop A, bt o glance at fhe actual data
ervts doubt on this conel |.|5|GI'| {is clear that the vales far Snop B are far more Spa=an AUt inan theess fer shp A

therety making fhe mean for shop B arquably less representative. This difference is ilusiaied well by the ranges
of the twa sefs:
Range of A = Highest — lowssf +1= 1120 - 990 + 1= H31

Range of B = 2115 — 505 + 1= £1411

It con be seen that the much korger range in e lofier cose is almod enfirly due o the single volve '£2,115.
The refired couple would therefore be well advised fo look o Irgar Sampk bos of weall /] al M5 I'-L:'E- o sea if
this value is some sort of freck and whether shop B dies indeed generale higher -‘-.l‘E'll ikings an averoge
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Business Mathematics 1 N€ INterquartile range; the quartile deviation

The measure of spread most associated with the median is the quartile

Notes deviation, which we shall now consider. To do this, we begin by
defining:
.the third quartile (denoted Q 3) as the value which has 75 per cent of the
data below it; and
«the first quartile (Q 1) as the value with 25 per cent of the data below it.
The required measure, the interquartile range, is then the range of the
middle 50 per cent of the data, or Q3 = Qx.
It will be noted that, if we referred to the second quartile (Q 2), we
should simply be dealing with the median.
Example

Adter E-CE"NIHQ oomplaints from heds whion 'F""ES-E‘""‘!IPS '.:-cev-un._. |'|E "'I"Fh" |h,. betwsen |'||""'e and lower
paid » warkers in his company, the persannel manager of the company asks for information on the current wage
structurs. He is given the following data:

Bosic '.JBE'_"-‘:ZI':,' woge (K] Mumber of Err.pl'._"-:..-s-e-s
vndes 200 14
200-under 225 152
22 5—under 250 101
250-under 275 Q2

27 S—under 300 68

300 and over 50

The manoger decides to calculoie a sialistiool measure of the spread of thess doda. Perform this calculation.

Salution

IF we had the raw dola, it would be a relatively simple counfing process to find the woge figures 25 per cant
long the list, and thus = range o the inerquartile range.
range is unsuitable, as thers o employess in the openended upper dlass, any one
ich could serious! y distort the measure. Also, the inlerguartile range cannot be found by a process of mere
counfing

In foct, to determine the inlerquartile rangs, we adopt the same oppeooch as we did for the median. Firt of
all, we assume that the wage volues are evenly sprecd throwghout their classes, ond drow the ogive. The neces
sary cumulalive frequency disibution is:

Basic weekly wage |E] [less fan) Cumusiive fequency
200 1]
225 155
250 270
75 362
300 430

It wifl ba noted that it is unnecessany to close the final class in ordar o draw the ogiva, and s we do not do
so. The ogive is. shown in Figure 4.6, Allernativedy, o sensible dosing ~valee, such as £3235, could be selected

ond an exdrg poind, with cemulaiive requency 480, added 1o the ogive.

Cumulative 500 -
froquency

400

300 4

200 4

i == = e e e

1] T ¥ T T
150 200 o 50 gy 300
Weekly wage (£}
There is a very closely related measure here, the quartile deviation,
which is half the interquartile range. In the above example, the quartile
deviation is £ 28.50. In practice, the quartile deviation is used rather
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more than the interquartile range. If you rearrange Q3= Q 1as (Q 3= M)
= (M = Q 1) you will see that the two expressions in brackets give the
distances from the quartiles to the median and then dividing by two gives
the average distance from the quartiles to the median. So we can say that
approximately 50 per cent of the observations lie within = one quartile
deviation of the median.

Example

Using the data an the output of product G (see Example 4.3.4), find the quarties, fhe inferquartle range and the

.| PR | {2 s i
quaniie dewiation fom he ‘JEF?'E 1] !EU[C- 4 «.::'

Solution

The toiol requency = 22, so the cumuiafive requency of Q) is 22/4 = 5.5, and the cumulative [".'.':LiE-'-‘;.f of

Chis|dx 22/4)| =145
24
3

[

From the ogive, 3 = 342.5kg and 33 = 3! g
Henca, the inferquarfile range = 383.5 — 362 = 21.5kg, and the quarfle devigfion = 21.5 = 2 = 10.7:

Deciles

Just as quartiles divide a cumulative distribution into quarters, deciles
divide a cumulative distribution into tenths. Thus:

The first decile has 10 per cent of values below it and 90 per cent above
it, the second decile has 20 per cent of values below it and 80 per cent
above it and so on. The use and evaluation of deciles can best be
illustrated through an example.

Example

As a promotional example, a mail-order company has decided to give
free gifts to its highest-spending customers. It has been suggested that
the highest-spending 30 per cent get a gift, while the highest-spending 10
per cent get an additional special gift. The following distribution of a
sample of spending patterns over the past year is available:

Mumber of customers
Amvount spent | £] spending this amounf

- k3 p

7
]
3
@

To which customers should the gift and the additio'nal special gift be
given?
Solution

The cumulafiws requency distribuficn lignoring the lost openended dass) is

Ameount gpenf , K} Cumulafive fFequency

[l N=ls

S -
Q0 ba

The ogive is shown in Figure 47
Histogram Payment record of 100 customars

Cumaiative 200
frequancy

S0

i

o - L i
o oD 100 150 200 250 k]
#Amount spent last year (E)

v v
Fth decie Sth decile

S7
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The ninth decile will correspond to a cumulative frequency of 162 (90
per cent of the total frequency, 180). From the ogive, this is: £230.
Similarly, the seventh decile corresponds to a cumulative frequency of
70 per cent of 180, that is 126. From the ogive, this is: £135.

Hence, in order to implement the suggestion, the company should give
the free gift to those customers who have spent over £135 in the past
year, and the additional free gift to those who have spent over £230.

The mean absolute deviation

If the mean is the average being used, then one very good way of
measuring the amount of variability in the data is to calculate the extent
to which the values differ from the mean. This is essentially the thinking
behind the mean absolute deviation and the standard deviation (for
which, see Section 4.11).

£1,120 £990 £1,040 £1,030 £1,105 £1,015

Example

Measure the spread of shop A’s weekly takings (Example 4.7.1), given
the following sample over 6 weeks. The sample has an arithmetic mean
of £1,050.

Solution

A simple way of seeing how far a single value is from a (hopefully)
representative average figure is to determine the difference between the
two. In particular, if we are dealing with the mean, x , this difference is
known as the deviation from the mean or, more simply, the deviation. It
is clear that, for a widely spread data set, the deviations of the individual
values in the set will be relatively large. Similarly, narrowly spread data
sets will have relatively small deviation values. We can therefore base
our measure on the values of the deviations from the mean. In this case:
Deviation = x — x

In this case, the values of {x —*lare:

& LU, RO, —h3D

The obvious approach might now be to take the mean of these deviations
as our measure. Unfortunately, it can be shown that this always turns out
to be zero and so the mean deviation will not distinguish one distribution
from another. The basic reason for this result is that the negative
deviations, when summed, exactly cancel out the positive ones: we must
therefore remove this cancellation effect.

One way to remove negative values is simply to ignore the signs, that is,
to use the absolute values. In this case, the absolute deviations are:

|:1r - ?| EFD, 60, B, E20, £55, £35

The two vertical lines are the mathematical symbol for absolute values
and are often referred to as ‘modulus’, or ‘mod’ , of ( X = X ) in this case.
The mean of this list is now a measure of the spread in the data. It is
known as the mean absolute deviation. Hence the mean absolute
deviation of weekly takings for shop A is:

FO+ 60 +10 4+ 20 + 55 + 35

— oAl AT
wid | G

Thus, our first measure of the spread of shop A’s weekly takings is
£41.67. In your exam you cannot be asked to draw the ogive so you just
have to know how to obtain the quartiles and percentiles from it. It is
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possible to calculate these statistics but this is not required in your
syllabus and the formulae are not given.

The standard deviation
In the preceding section, we solved the problem of negative deviations
cancelling out positive ones by using absolute values. There is another
way of ‘removing’ negative signs, namely by squaring the figures. If we
do that, then we get another, very important, measure of spread, the
standard deviation.
Example
Evahsabe the measure of the spread in shop A% weekly kakings ([Exomple 4.7.1}, using this new opprooch.
Selutien
Recall fhat we hove the deviations:
x—x: E70, -840, —£10, —E20 £55 —E35
so, by squaring, we gat:
[x — =% 4900, 3600 100, 400, 3025 1225
The mean of thess squaned dewiafions is:
13250 "

= 2208.3
e 2208.3

n

r

Thiz is @ measure of spread whase units are the square of thase of the odginal data, becowss we squared the
B
deviafions. YVe thes foke the sguare root bo get back o the origireal units (£}, Our measure of spread is thearekore:

A2208.3 = E466.9%

Thiz is known as the sfandar deviafion, dencled by 's'’. Iis square, the inlemediate step before squaremcting,
i= called the varance, 57

The formula that has been implicitty used hers is:

[Elx —

Vv oon

B =

Applying the same series of sleps o the dala in o frequency disribuiion will give us the comesponding formula in
tnis case:
square e deviafions: [x — xl

find the mean of the (x — T1¥ vakes cocuring with hequencies denoled by £,

Tl —

n

et
| f=x2}
=57

Take the square roof:
- —
[Hlx — &} |

Y E

In practice, this formula can furn out to be very tedicus ko apply. i can be shown that the following, mone easily
applicabte, fomula is the same as the one obove:

=x5|

[Fh?  [EheT
8= e e
\ = Ef

The coefficient of variation
The coefficient of variation is a statistical measure of the dispersion of
data points in a data series around the mean. It is calculated as follows:

Seandard deviation

Coefficient of variation =
Ech-cted Teruen

The coefficient of variation is the ratio of the standard deviation to the
mean, and is useful when comparing the degree of variation from one
data series to another, even if the means are quite different from each
other.

59

Descriptive Statistics

Notes



Business Mathematics

Notes

In a financial setting, the coefficient of variation allows you to determine
how much risk you are assuming in comparison to the amount of return
you can expect from an investment. The lower the ratio of standard
deviation to mean return, the better your risk return tradeoff. Note that if
the expected return in the denominator of the calculation is negative or
zero, the ratio will not make sense.

In Example, it was relatively easy to compare the spread in two sets of
data by looking at the standard deviation figures alone, because the
means of the two sets were so similar. Another example will show that it
is not always so straightforward.

Example
Sovernment siafistics on the basic weekly woges of workers in fwo countries show the following. (A1l figures con
vared fo shening aiant. |

compariscn of ki i

Solution

By simply looking at the two standard deviation figures, we might be
tempted to answer ‘yes’. In doing so, however, we should be ignoring the
fact that the two mean values indicate that wages in country V are
inherently higher, and so the deviations from the mean and thus the
standard deviation will tend to be higher. To make a comparison of like
with like we must use the coefficient of variation:

Coefficient of variation = =
X
55
Coefficient of variation of wages in country ¥V = —— = 45.B%
£
i f Tk L B
Coeflicient of variation of wages in country W = — = 55.6%
o0
Henca we sea thal, in fact, i is country W that has the higher variabilib in basic weekly woges

A comparison of the measures of spread

Like the mode, the range is little used except as a very quick initial view
of the overall spread of the data. The problem is that it is totally
dependent on the most extreme values in the distribution, which are the
ones that are particularly liable to reflect errors or one-off situations.
Furthermore, the range tells us nothing at all about how the data is spread
between the extremes.

The standard deviation is undoubtedly the most important measure of
spread. It has a formula that lends itself to algebraic manipulation, unlike
the quartile deviation, and so, along with the mean, it is the basis of
almost all advanced statistical theory. This is a pity because it does have
some quite serious disadvantages. If data is skewed, the standard
deviation will exaggerate the degree of spread because of the large
squared deviations associated with extreme values. Similarly, if a
distribution has open intervals at the ends, the choice of limits and hence
of mid-points will have a marked effect on the standard deviation. The
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quartile deviation, and to a lesser extent the interquartile range, is the
best measure of spread to use if the data is skewed or has open intervals.
In general, these measures would not be preferred to the standard
deviation because they ignore much of the data and are little

Known

Finally, it is often the case that data is intended to be compared with
other data, perhaps nationwide figures or previous year’s figures, etc. In
such circumstances, unless you have access to all the raw data, you are
obliged to compare like with like, regardless perhaps of your own better
judgement.

All the averages give a typical or expected value for the distribution. The
mean is the total shared out equally, the median is the halfway value and
the mode is the most common value.

All the measures of spread tell you how variable the data is. If the
measures are relatively large, it means that the data is very variable. Both
the mean deviation (directly) and the standard deviation (by a circuitous
route of squaring and then square-rooting) find the average distance of
the observations from the mean. In other words, they measure average
variability about the mean.

The quartile deviation gives the average distance of the quartiles from
the median. It is a measure of the variability of the central 50 per cent of
observations, as is the interquartile range. Finally, the range itself
measures the spread of the data from the very bottom to the very top.
Aside from understanding and being able to explain what the various
statistics mean, there are other points of relevance to interpretation:

1. Can you rely on the data — was the sample large, representative and
randomly taken?

2. Is the data skewed or open-ended? If so, are you using the right
statistics?

3. Are you comparing like with like?

4. If you have to compare variability in two samples that have markedly
different means, use the coefficient of variation rather than the standard
deviation.

5. Finally, always remember to interpret statistics in their proper context.
Give them units and do not simply interpret them in an abstract manner.
6. Think about which averages (measures of location) are used with
which measures of spread, for example, the mean is used with the
standard deviation (or variance).

Formulae definitions -

.The mean, ¥ = Zx/norx=2p2f for frequency distributions.

. The median is the middle value when the data is arranged in ascending
or descending order. It can be evaluated directly except in grouped
frequency distributions, when it can be estimated from an ogive as the x -
value corresponding to half the total frequency.

. The mode is the most commonly occurring value.

. The standard deviation,
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Or

- I'Eﬁz _[ﬁ 2
YEF \Zf

for frequency distributions.

Cocfficient of variation = o¥
Mean absolure deviation = Zfx — T|im
The inveryuantile ange — Q3 —

The quartile deviaton — % (s — Q)

where (7}, ic the third quarrile (which has 75 per cent of the walues helow it) and 1}, is
the first quartile (which has 25 per cent of the values below it).

The values of e yuaiiles can be stiimaced o dae ogive, o dee case ol a heguency
diztribution.

Dieciles divide a distribution into tenths, so that the first decile has 10 per cent of values
below it. the second decile 20 per cent of values below it and so on. The values of deciles
can be esimared from an ogive.

Range — Ilighest inverval limit  Lowest interval limit.

REVIEW QUESTIONS

[ieure mivewl oy rcady]

1. A company is investigating the cost of absenteeism within
its production department. Computer records revealed the
following data:

Day aabemt .'.'Jsr_w.er Number r'_ll:lh'ﬂ;.'lnrr
a 04
1-5 203
G-110 Los
11-20 68
21-30 15
-0 10
41+ ]
Total 500

A. Complete the following cumulative frequency distribution
table:

MNa q_l'-.llJ:P.: abser Cramulative member q.l'-_pmpﬁ'

[ T
1and <6 7
Gand =11 402
A 4710

21 and =31 B

3 1 and <41 405
41and =51 C

B. The following chart is the ogive (cumulative ‘less than ’
frequency diagram) of this data. State the y -coordinates of
the points labelled D, E and F.

SO0 I T

i
]

aoo

(Lirnitat e ambar of
n

o 1 L} z1 21 aun
Days absent |
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C. Mark estimates of the following statistics on the ogive,
clearly showing the constructions you have used to obtain
them. You need not attempt to estimate the values of the
statistics but should clearly label any cumulative frequencies
you use in estimating them.

(A) median

(B) upper quartile

(C) highest decile.

D. If the median were 5 days, the lower quartile 2 days and the
upper quartile 10 days, calculate the quartile deviation.

E. If the median were 5 days, lower quartile 2 days and upper
quartile 10 days, which of the following comments would be
correct?

(A) Only a quarter of the staff had less than 2 days absence.

(B) The high value of the upper quartile shows that absenteeism
has increased.

(C) Half the staff had less than 5 days absence.

(D) The low value of the lower quartile shows that absenteeism is
not very variable from one person to the next.

(E) Half the staff had more than 12 days absence.

(F) Three-quarters of the staff had less than 8 days absence.

(G) A quarter of the staff had more than 10 days absence.
FURTHER READINGS

Business Mathematics and Statistics- Andy Francis

Agarwal B.M.

Introduction to Business Mathematics- R. S. Soni

Business Mathematics : Theory & Applications- Jk. Sharma
Business Mathematics- Trivedi Kashyap

a0 E
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INTRODUCTION

We conclude the study of averages by looking at a special category,
index numbers, which measure how a group of related commercial
quantities vary, usually over time. As we shall see, most well-known
index numbers are averages, but they have the extra property that they
relate the quantities being measured to a fixed point or base period.
Definitions

If a series of values relating to different times are all expressed as a
percentage of the value for a particular time, they are called index
numbers with that time as the base.

%

o

%

4

%

o

7
‘0

D)

%

o

%

o

%

o

%

o

%

o

%

o

7
‘0

D)

%

o

%

o

%

o

)
o0

.Il'r' 3.|L'|'L" 1n any Fiven year
L ke Sl

[ndex number = : -
Value in base year

We shall generally refer to years but monthly data might have a

particular month as base and so forth, so strictly speaking we should say
‘time point’ rather than ‘year’ .

Example
Express the Following dato with 1993 as the base:
tea 1995 1996 1997 pee pleelel
Walue a4 52 &2 &9 74
Solution
Wi have fo exprass sach vohe os o percentage of the value for 1995, That means we must divide eoch by the
1995 value (i.e. by 48] and muliiphy by T00.
Year Qa5 1926 19007 Lelel:! 1900
1925 = 100 100 115 115 150 161
A few points of note;

A few points of note:
e The base year did not have to be the first of the series. We could have
chosen any year.
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e Expressions such as ‘1995 = 100’ tell us that the associated values are
index numbers with base 1995. The index number for the base year
(1995 in this case) will always be 100.

e We have rounded to the nearest whole number simply to avoid
cluttering the text, while you get used to the idea of index numbers. In
fact, they could be expressed to any degree of accuracy.

Interpretation of index numbers

An index of 113 tells us that there has been a 13 per cent increase since
the base year. In Example 5.2.1 we can see that values increased by 13
per cent from 1995 to 1996, by 35 per cent over the 2 years from 1995 to
1997, by 50 per cent over 3 years and by 61 per cent over the 4 years
1995-99.

It is essential to realise that the percentage changes always refer back to
the base year. It is not possible to derive the percentage increase from
one year to the next by subtracting index numbers.

Example
Find the percenioge increase from 1998 ho 1999 for the dofo in Example 5.2.1
Solution
i P oy
— w100 =107.3
Jht
Therebore, the pencentage increase is 7.3 per cent.

If we were to subtract the index numbers we would get 161-150 = 11
points, which is clearly not the same as 11 per cent. Were the Financial
Times 250 Share Index (which, at the time of writing, is at about 6,000)
to rise by 50 points, that represents a rise of only

U
100 000 - D'Hper cent. This 50 point rise must not be confused with a
50 per cent rise! To derive the percentage increase from year A to year
B, the easiest method is to index the year B figure with base year A and
then subtract 100.
If values have declined, the index number will be less than 100, and
when you interpret them by subtracting 100 the resulting negative tells
you there has been a decline.
For example, an index of 94 means there has been a decline of 6 per cent
(94-100= - 6) since the base year.
Finally, some index numbers become very large, like the FT100 index
mentioned above. Its 6,250 level means that there has been a 6,150 per
cent increase in share prices since the base year = not a very meaningful
interpretation, even to those of us who are quite numerate. A much better
interpretation is that share prices are now 62.5 times what they were in
the base year.
Hence, there are two ways of interpreting an index number:
«subtracting 100 gives the percentage increase since the base year;
.dividing by 100 gives the ratio of current values to base-year values.
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Choice of base year

Although a particular base may be satisfactory for several years, it
becomes less meaningful as time passes and eventually it is necessary to
shift to a new base this is called rebasing. The only requirements of a
suitable base year are, first, that it should be a fairly typical year. For
example, if prices are being indexed then a year should be chosen in
which prices were neither specially high nor specially low. Second, it
should be sufficiently recent for comparisons with it to be meaningful.
For example, it might be useful to know that production had changed by
a certain percentage over the last year or two or perhaps over 10 years,
but an index with base, say, 50 years ago would not be very relevant. It is
also the case, as we shall see shortly, that many index numbers span a
wide range of popular goods and, reflecting what people actually buy,
they are very different now from 20 or 30 years ago. The base year has to
move in order to keep up with the composition of index numbers to some
extent.

Change of base year
If at all possible you should return to the original data and recalculate the
index numbers with the new base year. However, if only the index
numbers are available, they can be indexed as if they were the original
data. The only problem is that sometimes rounding errors will build up.
As the following example shows, changing the base using index numbers
instead of raw data can give very good results.

Example

[ o g
T L S

Tha index: lobolled [ has baan obasined rom tha onginal doio, by dwiding by 27 o 1
incka lobhaliad ic] has bean obicined from e 195 D index: nurmbars Ty dividing by 275

ombining series of index numbers
When a series of index numbers is subject to a change of base or perhaps
a small change of composition, you will find in the series a year with two
different index numbers and the change of base will be shown in the

whan roundad & ono docoma plocs in this coeo
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series. The technique involved in combining two series into a single one
is called splicing the series together.

The |prica index: natosy chonged I boss o 1983 ofer many yaars with bosa 19970, Bacolouioka 1 o 0 singla
sorke with boma 158 5. 8y how much hova peices rison from (9% 0 o 1945
bar 0 Ik
0
=l 253
(el 271
ng 7
FEd
{11! 154
IRR5 105

= rom | REE oreos oireacy b
3 change tha bas of b 0 I dos s 1WA, In s sorkes tha volue for TWES I

s nelore e B wl e = .
= l=o hdas Pz ircdoy
37 T 108
L (A AL
(53 e o =
J 253 A 5 Wiak di
2 o7 oG 7} 0 mi
23
1 EO
| To0
| DB L
195
e Hhal wa hose a single serim omning boh 1981 and | 205, we con compam he e
100 5 |— |
r

You may notice that we rounded to the nearest whole number in this
example. This is because the original index numbers had plainly been
rounded to the nearest whole number and at best we can hope that our
results will be accurate to that same extent. You cannot acquire increased
accuracy in the course of calculating.

Chain-base index numbers

So far we have dealt with index numbers that have the same base for

several years. These are called fixed-base index numbers and, unless you

are informed to the contrary, it is reasonable to assume that index

numbers are of this type. However, it is often of more interest to know

the annual increase. A chain-base index number (or simply a chain index

) expresses each year’s value as a percentage of the value for the

previous year.

Cleisrtrasc Ieadea = -:|'|I5 :rw_lr- '|'-1I;I:IL'
A4S POLT § VALLUE

= 102

Exam_ple

= . i

Jwerone oo mone of 40 par cend, 55 pot cantand 58 per cont with weights of 7, 7 and |

Solution

ot we cloooe o aach =em I tha obow csompla, tha Brel o
o on. I he aolfmalic meon, woike ae wekghlad byt e
ey Wi welkch ey oo In [PreCiE: TR0 ACEE, AT -'-.:'q" ';: DFEGETIS ODaTE

We cannot calculate the chain index for 1995 because we do not have the
1994 figure ( ‘n/a’ means ‘not available’ ). The interpretation is the same

as for fixed-base index numbers, except that the percentage change is
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each time over the previous year. In this example, the results tell us that
values rose by 13.0 per cent from 1995 to 1996, by 19.2 per cent from
1996 to 1997, by 11.3 per cent the next year and by 7.2 per cent from
1998 to 1999. Fixed-base index numbers can easily be changed into
chain-base indices by treating them as if they were the original data. The
only problem is to not pick up spurious accuracy. Try the next example.

Composite index numbers

In practice, most price indices cover a whole range of items and so there
are two processes involved in the construction of the index number. One
is indexing = comparing current values with those of the base year — and
the other is averaging or somehow combining together the items under
consideration.

We shall begin by using the method of combining individual price
indices by means of a weighted average. In Chapter 4, we used the
formula Tfx/Sf for the average or arithmetic mean. The formula for a
weighted average is the same as this but with weights, denoted by w,
instead of frequencies. Hence:

¥
N W
r— i

Weighted average =

where x denotes the values being averaged and w denotes the weights.
Average exam marks of 40 per cent, 55 per cent and 58 per cent with weights of
2,2and 1.

Solution
Myveroge emem morks of 40 per cent, 55 per cent ond 58 per cant with waightz of 2, 2 and
Solution
s (2} 20| +[2= 55) + (1 5B) _ 248 _ .- <o
Weighled average = | L = = 4%.8%

Z+2+] 5
Weights are a measure of the importance that we allocate to each item. In
the above example, the first two exams are rated as twice as important as
the third one. In the arithmetic mean, values are weighted by the
frequency with which they occur; in price indices, similar weighting
systems operate.

Relative price indices
The notation commonly used for the construction of index numbers is as
follows: the subscripts ‘0” and ‘1’ are used, respectively, for the base
year and the year under consideration, usually called the current year.
Hence, for any given item:

Py = price in base year P = price in current year

(3}, = quantity in base year (2, = quantity in curment year

Vi = P}, = value im the base year V), = P}, = value in current year
where value means the total expenditure on the item, and other sorts of
weights are denoted by w as before.
For a given item, the price index = 100 = ( P1/Po ), but quite often we
work with the ratio called the price relative = P1/Po and leave the
multiplication by 100 to the end of the calculation.
The usual formula for a relative price index is therefore:
Relative price index
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Y [wX (BIP,)]
Sow
This formula is given in your exam. The weights could be base-year
quantities (i.e. Qo) or values (i.e. PoQo ), or current-year quantities or
values (i.e. Q1 or P1Q1), or they could simply be decided on some other

basis such as the weighting of exam marks.

The index will be called base-weighted or current-weighted, depending
on whether it uses base or current weights.

Example

A, grocer wishes to indsx the prices of fowr different fypes of tea, with base year 199C

Relative price index = 100

Tha available information is o foliows:
1950 1995
n- - - - - .
Frice Cluaniity Frice Choanfiny
|£] [cmfesd |E} jcrafss)
fype P Gy P &
A .89 a5 103 &5
B 1.43 23 1.49 28
E 129 IF 1.49 A7
o 0.49 153 0.8% 157
Caloulate the bosswsightad relatiee price index using os weights (o] quanfiies; and |b} values {ie. revenue
each iem|
Solution
Price relafive Basevear quanfiny Baseyear wolue
Wil !'n'__.:.__-_li | Ir'.:_l R 3 Rel = Vg
A 1.157 &5 57.85 75322 66,95
B 1.182 23 32.89 27.19 18.88
C 1.155 37 47.73 A2.74 55.13
B 815 153 74.97 277485 134.1.5
Total 278 113.44 423,00 2971
Boserwsighted relative price indices are:
wikis P Relx @) 23 o hn s
WWeighted by quaniity: &= - x 100 = ¥ 100=152.2
Gy 27
L5050
R 5 SR & | [T
Weighled by volus: = —0——— % 100 = —— w 100 =13%9.2
! S 213.44
— -

The first index tells us that prices have risen on average by 52 per cent;
the second that they have risen by 39 per cent. Why might this be so?
The really big price rise is D’s 82 per cent. The size of the index will be
very strongly influenced by the weight given to D. In the first case, the
quantity 153 is bigger than all the other quantities put together. D gets
more than half of the total weight and so the index strongly reflects D’s
price rise and is very high. However, when we use value for weighting,
D’s value is only about one-third of the total because its price is low, so
the price index is rather smaller.

Now it is your turn to see what happens if we use current quantities and
values as weights.

Example

Using the data of Example, calculate the current-weighted relative price
index with weights given by

(a) quantities; and

(b) values.
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Solution

Aggregative price indices

In the previous section we indexed first (except that we did not multiply
by 100) and subsequently combined the indices together in a weighted
average. In this section we shall construct index numbers the other way
round. We shall first combine the prices to give the total cost of a
notional shopping basket and only then shall we index the cost of the
basket at current prices compared with the cost at base-year prices. These
indices are called ‘aggregative’ because the first step is to aggregate, or
combine together, all the items under consideration. The first step in
calculating a relative price index is to calculate all the price relatives.

If we want to compare prices now with those in the base year, we must
compare like with like — the composition of the two baskets must be
identical in every respect apart from price. If you buy goods with prices
given by P in quantities given by Q , the total cost of the shopping basket
is 6 PQ . The general form of an aggregative price index is therefore:

—

%
%‘—“'F{X 100
T

£ i

where the weights will be the quantities chosen.
The formula for aggregative price indices is not given in your exam. It is
less likely to be required than the relatives method.

Example
Find the aggregative price index for the Fallowing dofo, using the weights given:
ifem -5 P W
A 15 K 2
B 13 X 4
- e - =
Selution
em wt W
F0 72
3 75 105
otal 214 258
-
hggregative price ing = 100 =
C= C )
2
a

= 1204

Choice of base weighting or current weighting

.In general, current weighting will seem better because it remains up to
date.

. In particular, current-weighted indices reflect shifts away from goods
subject to high price rises.

. Base-weighted indices do not do this and hence exaggerate inflation.

. However, current quantities can be very difficult to obtain — some
considerable time may elapse after a year ends before a company knows
what quantity it sold, whereas base quantities are known and remain
steady for the lifetime of the index.

. S0, current-weighted price indices are usually much more costly and
time-consuming to calculate than are base-weighted ones.
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. The stability of base weights means that the index for each year can be
compared with that of every other year which, strictly speaking, a
current-weighted index cannot.
. There can be no general guidance on the choice: it depends on the
resources available and on the degree to which prices and quantities are
changing. The only other consideration is that, as always, you must
compare like with like. The retail price index (RPI), as we shall see, is a
current-value-weighted relative index weighted by (almost) current
values, and that method of construction should be used if at all possible
if comparison with the RPI is a major function of the index being
constructed.
Quantity indices
Although it is the most important and most frequently encountered, price
is not the only financial factor measured by index numbers. Quantity
indices constitute another category. They show how the amounts of
certain goods and commodities vary over time or location. They are of
importance when one is considering changes in sales figures, volumes of
trade and so on.
When considering price indices, quantities emerged as the best weighting
factor. Here, the converse is true: prices are considered the most
appropriate weights when calculating quantity indices. Accordingly:
A relative quantity index will take the form:

3 oo = ()

: = 100
S

An aggrepative quantity index will take the form:

2w 190
E wily

where in both cases the weights could be prices, either base year or
current, or values or some other measure of the importance of the items.
Po, P1, Qoand Q1 have the same meanings as earlier in this chapter.

The calculation of quantity indices and their application involve no new
arithmetical techniques, as the following example illustrates.

Example

A company manufactures two products, A and B. The sales figures over
the past 3 years have been as follows:

Wdaight o) =

Using 1993 as a base, compute aggregative indices with the weights
given for the combined sales of A and B

in 1994 and 1995, and interpret their values.
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Seolutien

For 1994, with 1993 as the bose, we have
Product A 3 284 & Q W 2
Product B: [ 542 W ?
and 5o quaniby ind
_,
LY O 397 % 2 42 %19
|_;I_Ixt"—_? 10K ‘\I-_' e =2 02 .22
1:- Ll 18 + 533 « |
— -
In the some way, the quontity indee jor 1995 is 103.86.

o i

T . I 1
I'I-E 55 F‘:-'—:‘B shoney hal §

higher than in the bose year, 1993,

Notice that there is a considerable difference between these results, with
the aggregative method telling us that the quantity sold has risen by 18
per cent compared with the 27 per cent given by the relative method. The
choice of construction method and of weighting system will often have a
major impact on the value of the resulting index number. There is,
therefore, considerable scope for selecting the method that gives the
results that you want!

The construction of the UK retail price index

The RPI is compiled and published monthly. It is as far as possible a
relative index with current expenditures as weights. In the press it is
mainly published as an annual increase, but it is in fact a fixed-base
index number and currently the base is January 1987. In the region of
130,000 price quotations are obtained monthly from a representative
sample of retail outlets. It is representative in terms of geographic
location within the United Kingdom, type and size of shop and timing
over the month. Some 600 goods and services, called price indicators ,
are selected to be surveyed.

The selection of items for inclusion in the index and the weighting given
to each itemis largely determined by a massive government survey called
the Family Expenditure Survey (FES). In the course of each year, a
representative sample of households is asked to keep a diary for 2 weeks
listing all their spending. They are interviewed about major items such as
housing and services. Decisions about items to include as price indicators
will be based on the findings of the FES, and similarly the weights,
expressed as parts per £ 1,000, are determined by the expenditure on
each item by the average household. The weights are the expenditures of
the previous year, which is probably as current as is practical. The items
covered by the index are combined into 80 sections such as ‘men’s
outerwear’ and ‘rail fares’ , which are in turn combined to give five
broad groups before being averaged together in the overall index. The
groups are:

.food and catering;

.alcohol and tobacco;

-housing and household expenditure;

. personal expenditure;

.travel and leisure.

There are some omissions from the RPI that may perhaps be thought
important. The FES does not cover the very rich (top 4 per cent of the
population) or those living on state benefits. In particular, a separate
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quarterly index is produced to monitor the prices of items purchased by  |ndex Numbers
pensioners. Life insurance, pension contributions and the capital element

of mortgage repayments are not included; nor is tax. There is another Notes
index that takes taxation into account.

Using the RPI

Index numbers are widely used. The RPI, for example, is the measure of
price inflation. Whenever you read that inflation is currently running at 3
per cent (or whatever) this means that, during the previous twelve
months, the value of the RPI has increased by 3 per cent. In this section,
we look at a number of applications of index numbers that, though not
quoted as often in the media as the above example, are still of great
commercial importance.

The first of these is index linking. In an attempt to protect people’s
savings and the incomes of some of the more vulnerable sections of
society against the effects of inflation, many savings schemes, pensions
and social benefits have, at various times in the past, been linked to the
RPI in a way illustrated below.

Example

At the siort of a year, #e B
annum and she had £3&0

ariain person’s indexlinked penzion was £4, 200 per
ings bond. At i it of the following year the RP

n and the bord imvesiment hove risen?

Selutien
First of all, the RPf hos fisen by 20 kom 340. As o perceniogs, this is

. %100 = 5.858%

340
The pension and the invesiment, being indesdfinked, would increase by the same perceninge. The pension fhus
increases by 5.88% of £4,200 = £247 [nearest £], and the invesimeant by 5 B8 of £360 = £21.17. Hence
at the start of the year in question, the pension would be £4, 447 per annum, and the investment would stand at
S p

R3O0,

Although the RPI is by far the most common index used in linking, there
are others. For example, some house insurance policies have premiums
and benefits that are linked to the index of house rebuilding costs, a far
more suitable index than the RPI, which relates to general retail prices.
At periods of low inflation, the practice of linking pay, pensions, savings
and so on to the RPI is relatively harmless. When inflation is high, the
automatic (and high) rises produced by linking tend to increase costs to
industry and commerce, which therefore have to increase their prices.
This in turn induces a rise in inflation that triggers off further index-
linked rises in pay (and so on). Inflation is therefore seen to be
exacerbated by this practice. Indeed, this has been observed in some
countries with hyperinflation and where widespread index-linking has
been introduced. The second common use is in the deflation of series, or
the removal of inflation from a series of figures, so that they can be
compared. An example will illustrate the simple arithmetical process
involved.

The main criticism of deflation, and indeed another problem of index
linking, is that we are applying an average figure (for price rises or
whatever) to a particular set of people who may or may not be ‘average’ .
To illustrate the effects this could have, consider the cases of: .an old-
age pension for a single person being linked to the RPI;
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.a brewery in the north of England deflating its profit figures by the RPI.
In the first instance, the single pensioner cannot be considered ‘average’
in at least two senses. The RPI measures price rises for the average
family, which a single pensioner certainly is not, and the income of a
pensioner is generally considerably below average. The effect of this
latter factor is that a pensioner will spend a considerably larger portion of
his/her income on heating and lighting, and on food, than most other
people. Thus, at times when prices of these commodities are rising faster
than others (a situation that has occurred in the past), the RPI will
underestimate the average price rises in a pensioner’s ‘basket” of goods
and so linking to this index will leave him/her worse off. Indeed, a
‘pensioners ’ price index’ has been introduced to overcome this.

The RPI measures price rises for all commodities, not just one type such
as beer and related products that might be rising in price at a different
rate from the average. The brewery in the latter example would therefore
be advised to deflate by the “alcoholic drinks’ section of the RPI. Even
then, prices might be rising at a faster or slower rate in the north of
England, compared with this average UK figure. The real profit figures
would then be too high or too low, respectively.

The technique of using the RPI to compare the purchasing power of
wages etc. over several years is very important and it is a popular
question with examiners.

REVIEW QUESTIONS

Q1-The managers of the catering division of a hospital wish to develop
an index number series for measuring changes in food prices. As an
experiment, they have chosen four items in general use that are
summarised below, along with weights that reflect the quantities
currently being bought.

Pricer T win

1996 1997 Weigih
Hour (kg) 0.25 0.30 10,00
Epgs (hoxes) 1.00 1.25 500
Mfiilkc (litres) 030 0.35 10, 00K
Poraroes (kg) 0.05 0.06 10,004

A Write the formula for the aggregative price index denoting weight by
w , 1996 price by PO and 1997 price by P1 .

B. Calculate the aggregative price index for 1997 with base 1996, giving
your answer to two decimal places.

C. Some of the following comments are advantages of current weights
over base weights and some are advantages of base weights compared to
current weights. Delete answers accordingly.

_'uJ-.Jnlq_'.q.'-:l:-
{4) Curens weigas are expensve o obiaia cunentbaseiincarrect
{E) Base -w-..'i:;h ed indewes am *_:\-rr.l:."u|-:_-.'.'1r times of currentd base inooreect
|'|q_l.|: anflstion.
{C) Camrens-wreighied indoos remain ap o daie cursent basei inoarrect
() Canpreat u--:ig|'.u- may be very diffioads 2o obran cunentfbasei incarrect
{E) Base -.l-..'igh':: ArE ALY LT o daze crment haselinoorrect
{F) Curment-nxigated indexs miiec: dhanges in cerent e Tt
demand '-l.lE.-C:‘"-‘-'J'IF ik nises
15} Base wegrhts neec ol be ke ned osce cursent haseiincarrect
[EL) |“'i.-|.--..'.-.-'\--.':'i:'_-|'|:.'q.| inclexes can be meas illg‘l.luv cunent’baseiinoarrect

[ b pilas Neiis |r-:-|:|| CHBE Pear bo thee next

D. Which of the following are reasons why it is usual to weight the
constituent parts of a price index?
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(A) Weights reflect the prices of the constituent parts.

(B) Prices are always the price per some weight or other.

(C) Weights reflect the relative importance of the constituent parts.

(D) Weights must be known so that the entire * shopping basket * will
weigh 100.

2. A company buys and uses five different materials. Details of the actual
prices and quantities used for 1995, and the budgeted fi gures for 1996,

Actval 1995 f"r:.r:[;:'.'.‘:." 1905
Maserial Weght Ulmir prvce £ Limat price £
A 21 11 12
B 56 212 16
C [ 18 18
(W] 29 20 12
are as follows: ! 4 = 2

A. Calculate the missing values in the following table, taking 1995 as the
base year and giving your answers correct to two decimal places where

appropriate.
Matersal Price relative Price relative w0 Wetght
A 10, 04 2,390.89

B 118.18 6,618.08
C 100 F
(5] 110 LT
E 104.55 3,241.05
[oeal H

B If the total of the price relatives weights was 21,000, calculate the
relative price index for the above data with base 1995, giving your
answer to the nearest whole number.

C. If the relative price index calculated in 3.2 were 105, which of the
following statements would be correct?

(A) Prices are budgeted to be 1.05 times their current levels.

(B) Turnover is budgeted to rise by 5 per cent.

(C) Quantities sold are budgeted to rise by 5 per cent.

(D) Prices are budgeted to rise by 5 per cent.

(E) Prices are budgeted to rise by 105 per cent.

(F) Prices are budgeted to rise by £ 5 on average.

D. Would you describe the price index in Part 3.2 as base weighted or
current weighted or neither?

Delete as appropriate base/current/neither

3.The data below refers to average earnings index numbers in Great
Britain for different sectors of industry, 1988 = 100, and the Retail Price
Index, 1987=100.

hate Wholr & cemany Prodction imdtries Service industries Revarl Price Index
1988 1K} 104 100 (i
Feb 89 1046 104.9 B4 4 111.5
May 89 197.5 1048.1 1072 1150
.".-.Lg. 89 1041 104.2 1087 115.8
MNov 89 1128 1129 7 1185
Feb 90 114.0 114.3 1137 1202
Mllay 90 1148.5 118.2 1186 126.2
.".'-.Lg. ] 1209 119.7 121.1 128.1
Bow 0 1238 123.7 1230 13000
Feb 91 1247 125.2 1238 1309
Miay 31 124.1 129.2 127.1 1335
Amg 91 130.8 130.2 B304 134.1
o 91 130.8 131.8 1297 135.4

. Using 1988 as the base throu_g]hout, defl ate the production
industries index at the points Nov 89 (A), Nov 90 (B) and Nov 91
(C), giving your answers to one decimal place.
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Which of the following correctly states what a deflated
production industries index of 105 would mean?

(A) Five per cent more goods and services can be bought by
average earnings in Production Industries compared to
the base year.

Average earnings in Production Industries are 5 per cent more
than in the base year.

(C) Real earnings in the base year were 5 per cent more than in
the year in question.

(D) Average earnings in Production Industries were 5 per cent
more than the average for Great Britain.

A retired person from the service industries had a pension of £
5,000 a year starting in May 1989 and updated each November in
line with the average earnings index for that sector. Find the
value of the pension (to the nearest £ ) in Nov 1989 (A), Nov
1990 (B) and Nov 1991 (C).

If the answers to 4.3 were D 5,000, E 5,800 and F 6,000 fi nd
the real values (in constant May 1989 prices) of the pension in
Nov 89 (A), Nov 90 (B) and Nov 91 (C) to the nearest £ .

If the answer to (C) in Question 4.4 (i.e. the real value of the
pension in Nov 91) was 5,100, which of the following statements
would be correct?

(A) From May 89 to Nov 91 the purchasing power of the pension
has increased by 100 per cent.

(B) From May 89 to Nov 91 the purchasing power of the pension
has increased by £ 100 at Nov 91 prices.

(C) From May 89 to Nov 91 the purchasing power of the pension
has increased by £ 100 at May 89 prices.

FURTHER READINGS

agbrhwphE

Business Mathematics and Statistics- Andy Francis
Agarwal B.M.

Introduction to Business Mathematics- R. S. Soni

Business Mathematics : Theory & Applications- Jk. Sharma
Business Mathematics- Trivedi Kashyap
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INTRODUCTION

Perhaps the most familiar use of mathematics in finance concerns
interest calculations and other topics related to investments. In this
chapter we shall develop formulae involving interest payments and
equivalent rates of interest, but we shall also cover highly important but
less well-known concepts such as present value. The practical
applications dealt with in this chapter include loans, mortgages and
regular saving plans.

Simple interest

One of the most basic uses of mathematics in finance concerns
calculations of interest, the most fundamental of which is simple interest.
Suppose £P is invested at a fixed rate of interest of r per annum (where r
is a proportion) and that interest is added just once at the end of a period
of n years. The interest earned each year is calculated by multiplying the
rate of interest r by the amount invested, £P, giving an amount £rP. After
n years the sum of £rPn will be credited to give a total at the end of the

) )
LR X 4
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A
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LR X4

period, £V, of:
V=" P+rPn
or:
V==M1+m)

This well-known formula is often referred to as the simple interest
formula.
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Example

An amount of £5,000 is irvested of a rale of B per cent per annum, What will be e value of the investment in
5 years’ fime, if simple inferas is added once: at the end of the pariad?

Business Mathematics

Notes
Selution
The inferest rate in the formula needs afienfion: it is ossumed that ris o proporfion, ond 5o, in this coss, we must
comvert r = B per cent into a proportion:
r=0.08
Also, we hove

-

P=53000andn= 5

V="Fl+m=5000+ 008 x5 =5000x1.4 =7000
Thus, the value of the imvestment will be £7,000.

Compound interest

In practice, simple interest is not used as often as compound interest.

Suppose £P is invested at a fixed rate of interest of r per annum and that

interest is added at the end of each year; that is, it is compounded

annually. After 1 year, the value of the investment will be the initial

investment £P, plus the interest accrued, £rP , and so will be
P+rP=Pl+r)

During the second year, the interest accrued will be r times the amount at

the end of the first year, and so will be : 711 + #). The value at the end of

the second year will be Pl+r+Pl+r)=Pl+rl+r)=Fl+r?

Proceeding in this way, after n years the value, £V, will be given by
V=D{l+4rr

As you will see, in financial mathematics we work with an annual ratio
denoted by 1+ r rather than with the rate of interest.

Example

An amount of £5,000 is invested at a fixed role of B per cent per anmem. What amount will be the valus of the
irvestnant in 5 years' fime, i the interest i compounded:

o) ornualk@
[E] &very & maonths?

Solution

[a) The onby part of this type of caleulalion that nesds padicular care is that concaming the interest rote. The for
mula assumes. that ris o proporfion, and so, in this cose:
r =008

=

In addition, we have P= 5,000 and n = 5, so:

V="P1+r = 5000x+008F =5000x 14469328 = 7.346.64
Thus, the value of the imvesiment will be £7, 346 A4

i will be noted, by comparing this answer with that of Bxample 6.2.1, that compoend. inferest gives higher
values to invesiments than simple inkerest
With slight modifications, the basic formula can be made fo deal with compounding at infervals ather than
amnually. Since the compounding is done at éfrmanthby inlervals, 4 per cent (half of B per cent] will ke odded
jo the walue on each occasion. Hencs, we use r = 0.04. Furdher there will be ten addifions of interast dur

=

ing the five years, and s2n = 10, The formula now gives:
V=P0+ = 5000 .04 = 7 401.22

Thus, the valus in this inskance will be £7,401.22.
In a cose such os this, the 8 per cent iz colled a nomingl annual rafe, and we are acualby referring o 4
per cenb par & months.
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Equivalent rates of interest

Value at the end of 1 year =1=1.04=1.04 =1.0816 This is the annual ratio
that results not from 8 per cent per annum but from 8.16 per cent. Hence,
the effective annual rate of interest is 8.16 per cent in this case.

Example

An investor is considering two ways of investing £20,000 for a period of
10 years:

e option A offers 1.5 per cent compounded every 3 months;

e option B offers 3.2 per cent compounded every 6 months. Which is the
better option?

Selution
Ve have, foroplion A, P=20000; n=10x 4 =40; r=0.015 ond so
¥ = 200000 + 0.01 57 = £34280.37
Foroption B, P = 20,000 n = 10 x 2 = 20; r = 0.037 ond s
¥ = 20000 + 0.030 = £37 551.21.
Hence, opfion B is the beber investmant.
In this cose, P = 20,000 was given but it is not necessary to be given an init al wohse becowss £1 con be

usad insheod.

Depreciation

The same basic formula can be used to deal with depreciation, in which
the value of an item goes down at a certain rate. We simply ensure that
the rate of “interest’ is negative.

Example
I:h I I e P LA o 1 3 £ I' 4 | d
A company buys o mochine tor £20,000. What will its value be afier & years, it i is asumed fo depreciae af
a fiwed rate of 12 per cent per annum?
Solutien
Wiehawe P= 20000 n=4;r= — 0. 12, hence;
V =Pl+r" = 200000 — 0121 = 20000 x 0.4564404 1= @ 2588.08

The mochine’s walwe in & years' time will therefore be £%,288.08

Example
A pies= of capitel equipment is purchased for £120,000 and iz to be saupped after 7 years, Yyhat is the

scrap valus it fhe depreciolion rale is 8 per cent per annum

Solution

D 1 — 7 r= (MR o
P=120000 n=7r=-008 s

V = 1200000 — 0.08F = 12000000927 = 2&66,941.59

More complex investments

We can return now to the evaluation of investments, but now considering
situations where there are several different investments spread over a
period of time.

Example

A man invests £3,000 initially and then £1,800 at the end of the first,
second and third years, and finally £600 at the end of the fourth year. If
interest is paid annually at 6.5 per cent, find the value of the investment
at the end of the fifth year.
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I"'F.‘ diung'n SNOS Winean I:'-E' imvastments and evalualion fake ;lG‘ZE

N
otes 3,000 1,800 1,800 1,800 &DD

i i

Yalue
The £3,000 is invested for 5 years and grows io
3, 0000 0657 = 4110.26
The three sums of £1, 800 are invested for 4, 3 and 2 yEars, and qrovw in total o
LBOON 0654 +1.0658 +1.0659) = 6,531.55
Finally, the £400 is invested far just 1 year and grows fo
GO0 1.045 = 439

The botal wahwe ot the end of 5 yeors is £11,280.81
- 8. r P | - =L - . .
A sinking fund is a special type of invesiment in which a constant amount & invested =ach yeor, usually with o

view bo Teaching o speciiied value ol a given paoint in the fiwre. Gluestionz reed fo be reod carshilly in order i
be clear about exactty when the first and last insialments are paid.

Geometric progressions
We worked out the final values for the sinking fund questions simply by
using calculators in the usual fashion. However, a sinking fund could
easily run for 20 years or more — in fact, the endowment element of some
mortgages is a very common example of a sinking fund that would
typically run for 20 — 25 years. So it is useful to digress briefly to discuss
geometric progressions and how they can help with all this arithmetic. A
geometric progression (GP) is a series of numbers of the form
A, AR, ARz, AR3, ...
Where A and R are numbers.
The particular feature that defines a GP is that, after an initial term, A,
each term in the progression is a constant multiple ( R ) (or ratio) of the
preceding one. We shall need to know the sum of the first n terms of
such a series. Denoting this by S

g AR —1)

(R—1)

Example
IF s annuwal instalments of £800 are made, siorling immediokely, ot 5 per cent per annum, the value of the
inveshment immediately afier the sadh inslalment i given by the lollowing esprassion. Use GP theory o

evohsabe it
LB0O0.05° +1.05* +1.057 +1.057 +1.05+ 1
Selutien
The saries in the brockets, viewed back o font, sa GPwihA =1, n = fond £ = 1.05, soifs sumis:
— 1.05 —1 R
- = :}LW = &.BO19
S

Henca, the value of the fund is £800 x 68019 = £5,442 |io the nearest £]
Modice that n is given by the number of terms, not by the greatest power of R
Present values
The present value of a sum of money to be paid or received in the future
is its value at present, in the sense that it is the sum of money that could
be invested now (at a certain rate of interest) to reach the required value
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at the subsequent specified time. Some examples will make this clearer
and illustrate two ways of calculating present values.
Example

“ind the present value of

a) 2200 pu-,.-::lbé n 2 years' fime, assuming that an investment rabs of 7 per cenl per annum, compoanded
ocnnwally, is avaiiobie;

CYEY e . s BaF 2 L | S s % i Lt
£35C reczivable in 3 years' time, gssuming that an annually compounded investment rate of & per cent pes
onnum, is available.

b

Salutien
a) From: the definition, we need 1o find thot sum of money tha would have o be invested at 7 per cont per
onnem and have value £200 in 2 years' fime. Suppose this i £X, then the compound inlerest formula gives:
V=Pl +rp
Thiees:
200 = X{1+ ©.0F}
L 69
= =174 60
1.1440
Thus, the present wahe i £174 45 that is, with an inlerest rabe of 7 per cent, there is no diffsrence between

aaying & 17445 now and poying £200 in 2 yeors’ ime.
b Lking the co T-p:l.ind rieres! bormuio again:

350 = X[+ 0.04F

¥ = ﬁ = 2387
The present values is thus £293.87.
This method of calculation is said to be from first principles. The present
value of a quantity, £V, discounted at 100 r per cent for n years is given
by:
v
(+r)yr
Alternatively, present value tables that are provided in your exam give a
present value factor (or discount factor) of 0.873 forn=2 yearsatr =7
per cent. This means that the present value of £ 1 for this combination is
£ 0.873; hence the present value (PV) of £ 200 is:
200 X 0.873 = £174.60

Similarly, the PV factor for # = 3 and r = 6 per cent is 0.84(; so the PV of £350 is:
350 X 0.840 = £294
Before leaving the PV tables, we note that they simply give the approximate values of
1
14+
Thereby simplifying the calculations considerably.
It can be seen that use of the tables loses some accuracy. When there are
many such calculations, however, their use is considerably faster, and so
tables are generally preferred.
However, their use is not always possible, since you will note that there
are ‘gaps’ in the tables. For instance, the combination n = 2.5 years and r
= 4.5 per cent does not appear in the tables, and so first principles would
have to be used in an example involving these values.
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Example

Calubate the present wakes of the lollowing omounts. Uss B/ iobles where you con, and First principles
ctherwiss:

la) £12,000 poyable in & years' fime ot a rale of 9 per cent;

[&) 90,000 poyable in 8 years' fime af 14 per cent;

|=) £8C,000 payable in 5 yeors fime of 4.3 per cank;

[d) £50,000 payabls in 4 years and 3 monihe’ fima at 10 par cani.

Salutian

[a) From iobdes, discount foctor of 9 per cent for & years i 0.5%%:
PY = 12000 x 05946 =E7152

|b| Discount fockor ot 14 per cent for 8 years is 0.351:
PV = 0000 < 0.351=E31520

£

|| The tobles cannct be used for 6.3 percent. [T + fj= 1.063 and n= 5:
80,000

W= 1065

= £E58.941.84 [io wo d.p.]

[} The mbles cannct be used for part wears. To use a caloulah, convert 4 years, 3 months inko the decimal
A25 5on=425od |1 +=1.1:

PV = 5,]:?5:3
Net present values — practical examples

In many situations, there are a number of financial inflows and outflows
involved, at a variety of times. In such cases, the net present value (npv)
is the total of the individual present values, after discounting each, as
above.

Example

A company can purchase a machine now for £10,000. The company
accountant estimates that the machine will contribute £2,500 per annum
to profits for five years, after which time it will have to be scrapped for
£500. Find the NPV of the machine if the interest rate for the period is
assumed to be 5 per cent. (Assume, for simplicity, that all inflows occur
at year ends.)

Solution

W set out the calculafions in o syslematic, iobular fom:

= £33,346.56 (o two d.p.)

Toial inflow Prasent volue
After year £] Discount foctor £}
H —18,000 1.000 — 10,030
] 2 500 0952 2,360
2 2,500 0.907 2,267 .50
3 7500 0. 864 2,140
4 2,500 0.B23 2,057.50
3 3,000 784 ?.3a2

1,217

Hence, the WPV is £1,217.

The foct that the middie four inflow volues are the some |£2,500) means that the curmwdative present value
table |prowvided in your exam) can be wsed fo calculate the tobal pe arising from an inflow of £2,500 ot a con
siant inlerest rfe of 5 jper cent for each of 4 wears, starfing at the end of the first year;

Tokal indloe Present vaks
Alter vear (£} Discount factor €]
(] — 10,000 1000 — 10,000
1-4 2,500 per year 3.546 B B&6S
5 3,000 0.784 2 352
121F

This oble gives the v as £1,217, exadhy as before.
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The fact that the npv is positive means that the investment is more
profitable than investing the original £ 10,000 at 5 per cent. In fact, you
would need to invest £ 11,217 at 5 per cent in order to generate this
particular set of positive cash flows, so this investment is worthwhile.

Problems using NPV in practice

One of the major difficulties with present values is the estimation of the
‘interest rates’ used in the calculations. Clearly, the appropriate rate(s) at
the start of the time period under consideration will be known, but future
values can be only estimates. As the point in time moves further and
further into the future, the rates become more and more speculative. For
this reason, the NPVs of investments A and C in Example 6.9.3 are so
close as to be indistinguishable, practically speaking.

Many situations in which NPV might be involved are concerned with
capital investments, with the capital needing to be raised from the
market. For this reason, the ‘interest rate(s)’ are referred to as the cost of
capital, since they reflect the rate(s) at which the capital market is willing
to provide the necessary money.

Another problem with calculating net present value is the need to
estimate annual cash flows, particularly those that are several years in the
future, and the fact that the method cannot easily take on board the
attachment of probabilities to different estimates. Finally, it is a usual,
although not an indispensable, part of the method to assume that all cash
flows occur at the end of the year, and this too is a potential source of
errors. With easy access to computers it is now possible to calculate a
whole range of NPVs corresponding to worst-case and best-case
scenarios as well as those expected, so to some extent some of the
problems mentioned above can be lessened.

Annuities

An annuity is an arrangement by which a person receives a series of
constant annual amounts. The length of time during which the annuity is
paid can either be until the death of the recipient or for a guaranteed
minimum term of years, irrespective of whether the annuitant is alive or
not. In other types of annuity, the payments are deferred until sometime
in the future, such as the retirement of the annuitant.

1 1

r ey
When two or more annuities are being compared, they can cover
different time periods and so their net present values become relevant. In
your exam you will be given the following formula for the NPV of a £ 1
annuity over t years at interest rate r , with the first payment 1 year after
purchase.

The cumulative present value tables can also be used.
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Example

An investar is considering twao annuilies, both of which will involve the some purchase price. Annuity A poys

—:"\n'-v =ach yaar 20 '_- r5, W -.h B p:h. :ii.u"e:l:' wear for 13 years. Both stort poyment

Fuss-niﬂ; a ::n_lunl 'I-'~'-=’-' mie of j'-:= :enl wihich iz the beffer?

Selutien
Lising ‘uel.- the cumulative PY fociors are 9.818 bor A and 8559 for B
Hence PV of annuity A = _,.'_,.,,_ X P 818 = E49090, and
PV of annuity B = 5,500 x 8.559 = £47 074.5

Your will onby be able to use the tables given in your exam if fhe period of the anmuity is twenfy years or less
and if the 1ate of intered is o whale number. It is, tharsfors, essential that you leam o uss the formula az well
You will nofice thot there is some boss of accuracy, dus to rounding e, when lobles are used.

Using the above formula:

Foctor for the FPY of A = - =Q.B1B147

008  0.08)] + 0.08%
nd zo the NPW of A s

SO00x PE18147 = E49,091 [lo the nearsst |

Similarly;
. . o 1 ' "
Annuity tactor tor fe MV of B = —— — — — — = B 559477
008 0080+ 0.08)-
and so the MNPV of B is:
5500 x B 559479 = £A7 077

From the viewpoint of NPVs, therefore, annuity A is the better choice.
As we have already seen, however, there are two further considerations
the investor may have. Assuming constant interest rates for periods of 15
or 20 years is speculative, so the NPVs are only approximations: they
are, however, the best that can be done and so this point is unlikely to
affect the investor’s decision. More importantly, although any payments
after the investor’s death would go to their estate, some people may
prefer more income ‘up front” during their lifetime. Unless the investor is
confident of surviving the full 20 years of annuity A, they may prefer
annuity B = especially as the two NPVs are relatively close to each other.
A further example will demonstrate an NPV being expressed as an
equivalent annuity.

Finally, there is the concept of perpetuity. As the name implies, this is
the same as an annuity except that payments go on forever. It is therefore
of interest to those who wish to ensure continuing payments to their
descendants, or to some good cause. It must be recognised, however, that
constant payments tend to have ever decreasing value, owing to the
effects of inflation, and so some alternative means of providing for the
future may be preferred.

PV of a perpetuity
As t becomes very large, the second term in the formula for the PV of an
annuity gets smaller and smaller, to the point where it becomes zero, and
the factor for the NPV of a perpetuity simplifies considerably to:

1

r
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Example

Consider the posifion of A and B in Example 6.1 1.1 if they were pepetifiss.
Solution
Ising tha formula:

PV of perpetuity & = T 5000 = 2562500

PV o perpetuily B = ——
: 008

The NPV of annuity B is therefore higher. The assumption of a constant
interest rate of 8 per cent for ever is clearly highly unlikely to materialise
but, as before, it is all that can be done. In purchasing a perpetuity, an
investor is not interested particularly in the income during their lifetime,
so the latter consideration of Example is not pertinent here: perpetuity B
is unequivocally the better.

You can check this easily. At 6 per cent, the interest on £200,000 is £12,000 per
annum, so the annuity can be paid indefinitely without touching the capital.
Loans and mortgages

Most people will be aware that, when a mortgage is taken out on a
property over a number of years, there are several ways of repaying the
loan. We shall concentrate here on repayment mortgages, because they
are among the most popular, and because they are the only ones that
involve complex mathematical calculations. The features of a repayment
mortgage are:

.a certain amount, £M, is borrowed to be repaid over n years;

«interest (at a rate r ) is added to the loan retrospectively at the end of
each year; and

.a constant amount, £P, is paid back each year by the borrower, usually
in equal monthly instalments.

Viewed from the standpoint of the lender, a repayment mortgage is an
annuity. The lender pays the initial amount ( M ) for it and in return
receives a series of constant annual payments ( P ) for n years. The
relationship between these variables is given by putting M equal to the
present value of the annuity, using either tables or formula as

appropriate.

Example

lo] & £30,000 morgage & token cut on o property ot a mie of 12 per centf over 25 years. What will be the
: onthly repayment?

|k After 2 years of the morgoge, the interest rate increases fo 14 per cent: recaloelate the manthly repayment

figuere.

Solution

|o) Equafing present values gives

30000 =P|—— - : I— 843139
012 O12x1.128
giving P = 30,000/7 84313% = £3,825 par annum {nearest £] and o monthly repoyment ot £318.75
[l two d_pl).
[&) Adter 2 years, immediciely atter the second annual repayment, fhe amount =kl owing is:
30000=1.127 —3825x 1.12-3825 = £29 523
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. . he mordoanes now has 23 vears to ren and af 14 per cant inferest wie hove:
Business Mathematics | "= origage now fas 23 years fo un and af 14 per cant fnisrest we ho

_ 1 1??] = 6.792056P

014 Cl4x]1.1«

29523=F

Notes

giving P =

Internal rate of return

We have seen that if NPV is positive it means that the project is more
profitable than investing at the discount rate, whereas if it is negative
then the project is less profitable than a simple investment at the discount
rate.

If NPV is zero the project is identical in terms of profit to investing at the
discount rate, and hence this rate of interest gives us the rate of return of
the project.

The internal rate of return (IRR) is the discount rate at which NPV is
zero. It is obtained generally by a trial and error method as follows.

1. Find a discount rate at which NPV is small and positive;

2. Find another (larger) discount rate at which NPV is small and

20,523/6.792056 = £4, 346,70 per annum and o monthly repayment of £362.22 jwo d.p..

negative;
3. Use linear interpolation between the two to find the point at which
NPV is zero.
Example
Find tha IFR = fha clowing pojed
Lo -r-'\-.\":\a.:.'..It LER |
Salutlon
it s cas 3 v @ it PPV v naw sy s 10 et cant in i haps that 1wl gt 2
w TEIRTC T .| rhicol e o o > 1 boesad of SO S
Graphcal mehod
AL
el :
L.
=
2
14 AR
= \1'-—_ 1

T T T T T T T T T
1 Z 3 4 5 i1 T 8 9

Graph of NPV on discount rate
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REVIEW QUESTIONS

1. A company is planning a new product for which a 10-year life is

g

R =N TR IR SR TR

anticipated. The product is expected to follow a typical life cycle
of growth, maturity and decline with a cash flow of £56,000 in
year 1. Estimates of cash flows expected from years 2 — 10 are as
follows:

METCeNRARE R f ST
rperd om kb
P T s o i
o

4 10
2 il
4 1

Assume all cash flows arise at year ends. Work throughout to the nearest

£.

Calculate the cash flow expected in the tenth year.

Supposing that the expected cash flows are as follows, complete
the following table, to calculate the net present value of the
expected cash flows, by filling in the appropriate numerical
values in the spaces indicated by the letters. Use a discount rate
of 8 per cent per annum and use

- p r " r
Caavhr gt Lirsconnt Presont value

Fearr factor £y
1 ik
2 A
3
i

B

10
Mt present value
If the net present value was £450,000 what is the maximum
amount that the company could invest now in the product if it is
to meet a target of an 8 per cent return?
If the net present value was £450,000 and, if the company needs
to borrow at 8 per cent in order to fi nance the project, which of
the following statements is/are correct?
(A)£450,000 is the profi t that the company expects to make if
they can borrow at 8 per cent.
(B) £450,000 is the maximum profi t that the company might
make if they borrow at 8 per cent.
(C) £450,000 is the maximum that the company should borrow if
they wish to make a profit.
(D) £450,000 is the present value of the profit that the company
expects to make if they borrow at 8 per cent.
The following list includes three valid comments about the use of
discounting in appraising investment decisions. Indicate which
comments are correct.
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Discounting takes account of the time value of cash flows;
Discounting ignores risk;
Notes c. Discounting is more accurate because present value tables
are available;
d. Discounting does not involve making estimates;
e. Discounting is of use only if an appropriate discount rate
can be obtained.
2. To carry out identical tasks, a company uses several machines of
the same type, but of varying ages. They have a maximum life of
five years. Typical financial data for a machine are given below:

After After 4 ]_."r'e T Afeer Afser

Business Mathematics

o®

Trme Now I pear 2 years  years 4 ypears D e

Initial cost E10,000

Maingenance + service costs £1.000

Resale value: if sald £7 (WM
The rate of interest is 15 per cent.
These machines are assumed to produce flows of revenue that are
constant.

. Complete the following table, to calculate the net present value of
the costs if the machine is kept for 5 years, by filling in the
appropriate numerical values in the spaces indicated by the
letters. Work to the nearest £ throughout.

Time Oherflenes Disconne Presens

£2000  £1.500  £3,000
£5000  E£3.500  £X.500

(peers} (£} factor wadlie {£)
[ A D
B

E
F

C .

II. The present values of the costs of keeping the machine for
between 1 and 4 years are given below. Convert each of these
into an annual equivalent amount and write them in the final
column of the table, for one mark each.

Year of seraggring Present walue of cont (£) Armmuziy equeavaleny (£)

A b UG b

1 18,665 e

Il If the annual equivalent amounts calculated above were as
follows, what would be the most economical age at which to
replace the machines?

rar of s
Year of snpgping

R R

3. A company is planning capital investment for which the
following cash flows have been estimated:
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00
2,000 Notes
5 000
4 00
5,000
2,500
2,000
2,500

At the end -::d':.x'.lr 7

At the end of year 8

The company has a cost of capital of 15 per cent.

Complete the following table by filling in the appropriate
numerical values in the spaces indicated by the letters. Work to
the nearest £ throughout. Cash flows are all at the ends of years
unless stated otherwise.

Vear ermd Nes .'.a-."r_.'}.m (£} I:'.-.-.'-.l.-‘.u.'Jl':-.':n:." ar | §% Presens vaviur (E)
DN i 110,000} A c
g B
3,00
4, (NI}
5000
2,500

OO ==l G% %™ o 10d bd =

1,3 ]
Which of the following defines the * internal rate of return ’ .

(A) The current discount rate used by a company.

(B) The discount rate at which net present value is zero.

(C) The discount rate recommended by a trade association or

similar.

(D) The discount rate at which cash flows total zero.
6.4.3 The net present value is £(543) when the discount rate is 20
per cent and is £3,802 when it is 10 per cent. Which of the
following statements about the value of the internal rate of return
(IRR) is correct in this case?

(A) The IRR must be below 10 per cent.

(B) The IRR must lie between 10 per cent and 15 per cent.

(C) The IRR must lie between 15 per cent and 20 per cent.

(D) The IRR must be greater than 20 per cent.

(E) None of the above statements is correct.
Calculate the approximate internal rate of return (to the nearest
whole per cent point) of this investment without calculating any
further net present values.

FURTHER READINGS

agrLOdOE

Business Mathematics and Statistics- Andy Francis
Agarwal B.M.

Introduction to Business Mathematics- R. S. Soni

Business Mathematics : Theory & Applications- Jk. Sharma
Business Mathematics- Trivedi Kashyap
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INTRODUCTION

In the next two chapters we look at one of the major applications of
statistics, namely forecasting. Although there are a number of ways of
producing forecasts that involve little or no mathematics, we shall
concentrate here on two of the most important quantitative approaches,
causal and extrapolative. A causal approach is based on the assumption
that changes in the variable that we wish to forecast are caused by
changes in one or more other variables. With an extrapolative approach,
we examine past data on the variable that is to be forecast, in order to
determine any patterns the data exhibits. It is then assumed that these
patterns will continue into the future: in other words, they are
extrapolated. Let us begin with the casual approach, and, to simplify
matters, we shall deal with the case in which the variable to be forecast
(the dependent variable, y ) depends on only one other variable (the
independent variable, x ). Such data is called bivariate because in each
situation we have two pieces of information, denoted x and y . The
dependent variable, vy, is also referred to as the response variable and the
independent variable, x, as the influencing variable. So x is assumed to
influence a response in y. Before actually looking at how to produce
forecasts in such situations, we must consider the question as to how we
know that changes in y are caused by changes in x (alternatively: how we
know that y depends on x ). The answer to this involves the study of
correlation.

Correlation

Two variables are said to be correlated if they are related to one another,
or, more precisely, if changes in the value of one tend to accompany
changes in the other. Now, we have already used the ( X, y ) notation of
Chapter 2, and this initially suggests a graphical approach: if there are
pairs of data available on the variables x and y, then these can be plotted
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as points against a set of x- and y -axes. The result is known as a scatter
diagram , scatter graph or sometimes a scatter plot .
Example

SO TRCT FREIQaing fo ahiacs o 1S odwarising on el Consaquan Ty IR DN Mo

Pici hewe daio on o scofs clogiom

Solution

g-llﬂ‘\- 12D A
HE00! 20p |
18D

16 4

140

120 4

10

BD 4

e |

ar 4

204

L]

T 04 BE 2 16 2D 24
Agvaritsing R0

There are many key terms in italics in these introductory paragraphs.
Since, unlike in Chapter 2, we have not been told that y is a function of x
here, the points have not been joined up. In particular, although the
points appear to be close to lying on a straight line, they do not lie
exactly on a line; we do not know that a linear function is involved and
so none has been drawn in.

The scatter diagram in the above example seems to show a case where
the two variables are related to one another. Further, the relationship
seems to be of an approximately linear nature: it is an example of linear
correlation.

Since the approximation is so good, and the points are close to a straight
line, we talk of strong linear correlation. Finally, as the gradient of the
‘line’ is positive, it is positive linear (or direct) correlation.

Scatter diagrams in Excel

The data in the above example can be plotted onto a scatter diagram in
Excel. To do this the data must first be entered into the spreadsheet. To
create the chart select the range a 3: b 7 and click on the chart icon.
Select X-Y scatter and choose the first chart option. The data and the
resulting chart are shown in Figure 7.2 .

Example
Most of the examples in this chapter relate to the following table. A
company owns six sales outlets in a certain city. The sales last year of
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two of its key products are given below, together with the sizes of each
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Cutbt = 000 wnik D0 nik
A 75 2.4
B ! 2.
i} 24 7 8.8
' : 360 ;
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Although such scatter diagrams are useful for getting a feel for the

presence or otherwise of correlation, it is often difficult to judge what is

‘weak’ and what is ‘strong’, and, indeed, whether a large number of

points on a diagram constitute any correlation at all. Therefore, an

objective measure of correlation is needed.

Example

From your own experience, try to think of pairs of variables that might

have the different degrees of correlation, from weak to strong and from

negative to positive.

Solution

These are just some examples:

e costs probably have a strong positive correlation with the number of

units produced;

e number of deaths on the roads probably has a middling positive

correlation with traffic levels;
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e the level of street crime is often thought to relate to the level of visible
policing, so the correlation would be negative but probably not strong;

e a strong negative correlation would probably be found if almost any
measure of bodily function, such as the condition of the heart, were
compared with age in adults, although the graph is unlikely to be

=) Wary woak positiva linsar

=i

&, mevmbar of skaspersons smploped
(bl Strong nagative linsar

K amineia
ks

X, sunshing
0} Mon-ingar

¥ wihoat
erput

X ratal

perfectly |inear_ Figure 7.5 Buomples of comulofion

Pearson’s correlation coefficient

The statistician Pearson developed a measure of the amount of linear
correlation present in a set of pairs of data. Pearson’s correlation
coefficient, denoted r, is defined as:

nixy — ExXy

I — =3 Ny A .
JrZx? — (ExP)nZ y* — (Zy))

where n is the number of data points.

This measure has the property of always lying in the range = 1 to = 1,
where:

. =+1 denotes perfect positive linear correlation (the data points lie
exactly on a straight line of positive gradient);

.r = - 1 denotes perfect negative linear correlation (again the data points
lie on a straight line but with a negative gradient); and

. = 0 denotes no linear correlation.

The strength of a correlation can be judged by its proximity to -1 or +1:
the nearer it is (and the further away from zero), the stronger is the linear
correlation. A common error is to believe that negative values of r cannot
be strong. They can be just as strong as positive values except that y is
decreasing as x increases.

=
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Example
Fvawate Pearson’s comeafion cosfficient for the daia
ind=ipred its value

Solutien

As with previous colculations o ng summafions, we

¥ ¥ o
13 151.6 49
09 100.1 0.6]1
18 195 3 324
21 A 441
15 170.0 2.25
76 8422 12.40

N |5 % 1365.43) — 7.6 x B2
wa, © —

on sles and odverising spend in Bxemple 7

2]

faciltate the colcuofions oy selting them out in columns:

¥ A
22,282.54 197.08
10,020.01 Y0.09
3972049 358.74
AR Q90 44

X A2¢ A3 o
% 426, 50

JIIS x 12.4] — 7675 % 150,552.5)

" B4R 7| 424 x 43451 65

The value of Pearson’s correlation coefficient in this case is 0.993. The
arithmetic in such a calculation can be seen to be potentially very
tedious. It is worthwhile investigating the availability of any computer
packages or special functions on a calculator in order to ease the
computation of correlation coefficients. Note that a simple check is that
your calculated value for the correlation coefficient must be between -1

and 1.

This formula is given in your exam so you do not need to worry about

remembering it.

The value of the coefficient in this case is clearly very close to the value
1, indicating a very strong positive linear correlation, and reflecting the
close proximity of the points in Figure to a straight line.

Example

.2, evaluate Pearsan's comelafion cocfficients

for:

Using the data on fleor spocs and sales from Beample 7
[a] soalez of L ond size;

|b) soiles of M and sze

Solutien
|a} The necessary summafions are n =4&; Zx= 35% Ey = [164.1; Tl = 55,089 7 = 4,448.15;
Emy = 15,9712, Hance:
B 162 155712 — (559 »x 144.)
t ,u"ui* ¥ 55089 — 55976 x 4648.15 — 164.B)
4.095.3 40953 _4D953 _ 0.084

TECS3 % Q6000 416323

Y J1F332504.77)

This is & very shrang peaitive comalotion bebwesn outlet size and sales of |

|6 Fer M, the =semmations ar n=&; Zx=539 Zy=250; E&=55089; EZv=1279%;
Ty = 25,898.5
These rasult in r = 0.974, which similarly shows o very simng posifive correlation betwesn oullet size and

soiles of M.
thany students inifially find these calculafions very difficull. Even i you got the right answer, wou may find i
usehd fo rum through the colowlafions once mome. Cormelafion is a very impordont lopic in business mathematics

Interpreting correlation coefficients

In general, it is not always as straightforward to interpret a value of r as
in the above case. Although it would be inappropriate for the purpose of
this text to go into detailed theory, it must be noted that the sample size (
n ) has a crucial effect: the smaller the value of n, the “easier’ it is for a
large value of r to arise purely by accident.

Very rough guidelines are that, with a sample of ten data points, a
minimum correlation of about 0.6 is needed before you can feel
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confident that any sort of linear relationship holds. With twenty data
points, the minimum correlation needed is about 0.4.

Extrapolation is a further danger in the interpretation of r. If your x-
values range from 0.9 to 2.1, then r = 0.993 tells you that there is a near-
perfect linear relationship between x and y in that range. However, you
know nothing at all about the relationship outside that range. It may or
may not continue to be linear. The process of drawing conclusions
outside the range of the data is called extrapolation. It often cannot be
avoided but it leads to unreliable conclusions.

It is possible that an apparently high correlation can occur accidentally or
spuriously between two unconnected variables. There is no mathematical
way of checking when this is the case, but common sense can help. In
the case under discussion, it seems plausible that sales and the
advertising spend are connected, and so it would seem reasonable to
assume that this is not an accidental or spurious correlation.

More importantly here, two variables can be correlated because they are
separately correlated to a hidden third variable. The size of the region
could well be such a variable: larger regions would tend to have larger
sales figures and the management of larger regions would tend to have
larger advertising budgets. It is therefore possible that this high
correlation coefficient may have arisen because the variable ‘sales’ is
highly correlated with size of region, advertising expenditure is highly
correlated with size of region, but sales and advertising spend are not
themselves directly connected.

Even if this third variable effect is not present, we still cannot conclude
that y depends on x. The strong correlation lends support to the
assumption that this is so, but does not prove it. Correlation cannot be
used to prove causation.

In your assessment, interpreting correlation is as important as calculating
the coefficient.

Rank correlation: Spearman’s coefficient
There are occasions when the degree of correlation between two
variables is to be measured but one or both of them is not in a suitable
quantitative form. In such circumstances, Pearson’s coefficient cannot be
used, but an alternative approach = rank correlation =
might be appropriate. The most common measure of this type is
Spearman’s rank correlation
coefficient, R:

G Ld?

mim? — 1)

where d denotes the difference in ranks, and n the sample size. You do
not need to remember this formula because it will be given in your exam.
The arithmetic involved in calculating values of this coefficient is much
easier than that for Pearson’s coefficient, as the following example
illustrates.

R=1-

95

Correlation and Regression

Notes



. . Exampl
Business Mathematics ample

A part of fs it

=nt procedures, o company awards applicants rafings from & [swcellent] o E [unsatisfaciany]
A R RN J OO O L P 2 1 O ) O 0 S .
N tor their inbervisw pertcrmance, and marks out of 100 for a wrifien fest. The resulls for five inferviewees ame as
otes \
Tolicrass.
Inienviswes Infendew grods Test scome
a .Y &0
o B &
o .':'.I '_.:-I
d C 77
b L: 2
= s i
Calulate the Speaman’s rank cormelation coedficiend for this dada, and comment on it vohee.
In order to apply the formula, the grodes and scores are @ al=
hows inlerviewses o and c share the best inferview gr ]
sach
[nienviewes Fank of inferview grods Fank of fed score d -
i - 4 o = 5
g = et LS R
] ¥ Ny i
b 3 3 0 .00
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Hance:
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R=1- : ST 1 - rager — = —l.bod
n* — 1) 525 -

The high negative value (near to = 1) indicates that interview grades and
test scores almost totally disagree with each other — good interview
grades go with the lowest test scores and vice versa. This should concern
the company, as it may mean that one or both methods of judging
applicants is faulty. The interpretation of R -values is similar to that for r.
Warnings similar to those in Section 7.4 also apply when judging values
of R.

There seems to be some positive correlation between price and taste, with the
more expensive wines tending to taste better. Given the sample size the result is
not really reliable and it cannot be extrapolated to wines costing more than £4.
Had the taste rankings been allocated in the opposite order, the correlation
would be =0.59. Students often find this calculation difficult and it is worth
running through it again if you had problems.

Probably the most common errors are either forgetting to subtract from 1 or
subtracting the numerator from 1 prior to dividing by the denominator.

Tied rankings can also be difficult. B, D and H all cost £2.99. Had they been
marginally different they would have been ranked 2, 3 and 4. Since they are
identical, they each have the rank of 3 (the average of 2, 3 and 4). Similarly F
and G share the ranks 7 and 8 by giving them an average 7.5 each.

The d column is obtained by subtracting rank of taste minus rank of price, but it
would be equally correct the other way round.

Which correlation coefficient to use

If the data have already been ranked, there is no option but to use the
rank correlation coefficient ( R ). Where actual values of x and y are
given, Pearson’s coefficient ( r ) should generally be used since
information is lost when values are converted into their ranks. In
particular, Pearson’s coefficient must be used if you intend to use
regression for forecasting (see later). The only advantages in converting
actual data into ranks and using Spearman’s coefficient are:
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1. that the arithmetic is easier, but this is a minor point given computers
and scientific calculators;

2. that Spearman checks for a linear relationship between the ranks rather
than the actual figures. If you simply want to confirm, say, that the
variables increase together but have no concern about the linearity of the
relationship, you might prefer to use the rank correlation coefficient.

Regression

The preceding sections give us a way of checking on whether it may be
valid to assume that one variable, y, depends on another, x. We now
proceed to consider how, after making such an assumption, y can be
forecast from x.

For simplicity, we restrict our attention to instances of linear correlation.
Thus, we are interested in situations where the dependence is in the form
of a straight line. As we saw in Chapter 2, this involves equations of the
type y = a+bx

where a and b are numbers. We are, therefore, initially concerned with
determining suitable straight line(s) for the particular problem.

The least-squares criterion
The approach is illustrated through an example.

A company has the following data on its sales during the bast yeor in each of its regions and the comespanding

numDet Of 50espErsons emp C"\"'?d d'.lfi'g this fime:

Region Soles [unifs) Salespersons
A 236 11
B 234 2
8 208 B
C 250 5
E 246 3
B0
202 o
avelop a linear model for forecasting soles from the number of salespersons.
Selutien
o I = AoAR Thie ba
The linear comelation coefficient betwesn these two voricbles can be shown o be 0.948. This high value

! v, might depend on the mmmbse
am for the dato is shown in Figure 7.4, For «
oo not shart ro. However, this has the effect of exaoge ]
sion would be obaired from o graph conaining fhe origin, bt this would not be so sasy to draw:

rsons, X, in.a linear wioy.
f draweing, the scales on the oxes
ences from linoarite. A huer impres-

W

¥ sales funits) 280 - i
260 -
240

220 ~

200 4
rd
(‘l,‘rl T T 1 1 T T T T

10 11 12 13 14 15 16 17 18

%, number of salesparsons

¥ sales (units) 280
Wi r-!- A
L ot
260 pedlia 05
g
220
220 4
200 4
2

10 mn 12z 13 14 15 16 17 18
X, number of Salespersons
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In the upper part of the figure, a straight line has been gauged or
‘guessed’ by using a ruler to draw a line that appears to be ‘close’ to all
five data points. We have deliberately fitted a very poor guessed line so
that the errors are clear. If you do have to fit a line ‘by eye’, the aim is to
follow the slope of the points and to draw the line as far as possible
through the centre of the points with roughly equal numbers either side.
The lower part of Figure 7.5 shows the best possible fitted line.

This approximate approach may well be accurate enough in many
instances, but it is certainly arbitrary. A number of different, equally
plausible, lines could be drawn in: the question is, how can you judge
whether one line is “better’ than another? Indeed, which is the ‘best” ?

If we look at the *‘guessed’ line, it is clear that there are discrepancies
between actual y-values and those obtained from the line. There are y-
errors present, and the sizes of these enable us to judge one line against
another. Examples of y -errors in this instance are:

x=13 ociualy

P Ts

¢ trom lim 239 | opproximatehy)
- rrar im = —7
x=1%  aduwaly= 250
y from line = 266
y-error im fing = +1&

Some errors are positive and some negative. Simply adding the errors to
judge the ‘goodness’ of the line, therefore, would not be a sensible idea,
as positive errors would tend to be cancelled out by negative ones. To
eliminate this effect, we square the errors, and deem one line ‘better’
than another if its sum of squared errors is lower. The ‘best’ line is thus
the one with the least sum of squared errors: the so-called least-squares
regression line of y on x . Without going through the theory, this can be
shown to have equation

Yy = a+ Dx
whare:
H= sty — BNyl _ ZxhZy]
nExd — IE.‘(-?
ongd
o=y —b¥% (7. ame the mean: of v and x, respeciively]
The calculation of a and b is set out in a familiar tabular form:
x _I-' .'l:'_.I .'|._'|-'
11 236 121 2,506
12 234 144 2,808
18 208 324 5,364
15 250 275 3,750
13 246 169 3,108
10 202 1 M) 2,020
79 1,40 1,083 19,736

98



p = (6X19736) ~(79X1.466) _ 2602 _ .
(6 x 1,083 —79° 257
L
]64('
A0 .
F= = 244.33
and so:

a= 244,33 —(10.12 < 13.17) = 111.05

Thus, the least-squares repression line in this case is y = 111.05 + 10.12x

This line has been plotted on the lower scatter diagram of Figure 7.6 by calculating the

coefficients of any two points on the line — for example:

whenx = 10, y = 111.05 + 10.12 X 10 = 212.25
whenx = 17, y=111.05 + 10.12 X 17 = 283.09

These points should then be plotted on the graph and joined by a straight line.

Interpreting aand b

You may remember from Chapter 2 that in the equation of a straight line,
y =a+ bx, ais the intercept on the y -axis and b is the gradient or slope
of the line. Expressed slightly differently, that means that a is the value
of ywhen x =0, and b is the increase in y for each unit increase in X. The
b -value of 10.12 tells us that each extra salesperson generates an extra
10.12 sales (on average), while the a -value of 111.05 means that 111.05
units will be sold if no salespeople are used. The latter conclusion may
well be nonsensical because x = 0 is outside the range of the data, but we
return to this later.

It should be noted that, unlike Pearson’s correlation coefficient, these
calculations do not use Xy2, and so no time has been wasted evaluating
it. Also, it will be appreciated that calculations such as these can involve
potentially large numbers, and so it might be worthwhile to use an
available computer package or statistical function on a calculator.

The interpretation of a and b is a frequent exam question.

Example

Using the data given in Example 7.2_2 on sales and foor spoce, find the lecstsquares regression fines for:

o) soles of L ogainsd size;

b sales of M against size.
Inferpret the volees of o and b in your onswers.
Solution

la) Using the summafions calculated in Example 7.3.2

nLay — Exl(Zy] _ 0 x15971.24— 550 x164.1 _ 4095.3 _ 000
T nIx? —(ExF 6% 55,089 — 555 T 1BO53 T
Lo T 559 _ o, c1om
a=fF—bf = ———- 022488 x 5 = &.2198
fa! ]
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v =822+ 0.23x

Notes =

[b) Similarly, the regression line of sales of M ogainst foor spaze can be shown bo be:

v =—3905+ 0.87x

Mare INCeasa0 LT. one sguare mefre, sales would increase

npert o), b= 0.2
£0 gives the abserd result {due io

by an average of |
extrapclalion) thatan o
n part [b], the comesponding results

'!-:Ur Space ond I"'-C MNONSENso0,
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Forecasting

Once the equation of the regression line has been computed, it is a
relatively straightforward process to obtain forecasts.

Example

In the situation of Example 7.8.1, forecast the number of sales that would
be expected next year in regions that employed (a) 14 salespersons; and
(b) 25 salespersons.

Solution

As we have the "best’ lina represenfing the dependence of sales on the number of salespersons we shall use it for
I - I 1 = 1 ;

the forecasis. The values could be read off the line drawn: on the SoOmeErgrapan, bwit i is more ooowmte to use the

equation of the lins
[a) The regression re ts y= 11105 + 101 2x 5o, whenx = 14
y =111.05+10.12x14 = 25273
Rounding this fo a whale number, we ae forecasing that 253 unit will be sold in o region employing 14

SOESparsons.,
[b) Subsfiting x = 25 info the formula:

CTTT1 085 4160 19 95 — A4 1S
y = 11105 +10.12x 25 = 364.05
Henice the forecast & sales of 344 wnils in o region employing 25 salespersons.

Have you noticed that x = 25 is well outside the range of the data? What
does this tell you about the reliability of the estimated 3647 If you are in
any doubt about its unreliability, look back to the absurd consequences
of putting x = 0 in Example 7.9.1. We give one more example to
illustrate the complete process of forecasting from paired samples.

Which variable to denote by y

When calculating the correlation coefficient it does not matter which
variable you call x and which y, as the result will be the same either way.
However, the regression equation and subsequent forecasts will be
totally changed if you change the designation of the variables. This is
because the regression line only minimises the sum of squares of the y -
errors, and this is only equivalent to minimising x -errors in the case of
perfect correlation, that is, when r= - 1. It is therefore essential that you
stop and think about which variable to call y at the start of any exercise
on regression.

Variable y is the dependent variable and sometimes it is very clear which
that is. However, there are occasions when the dependency could perhaps
work either way, in which case the following may be of assistance:

. if you wish to forecast a particular variable, that variable must be
denoted by y;

.if the question asks for the regression of a first variable on or against a
second variable, the first variable is denoted by y . This is nothing to do
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with the order in which the variables are tabulated in the question, which
could easily have x first.

For example: Notes
. in an investigation of the downwards trend of sales over time, the

independent variable x = time and the dependent variable y = sales;

. in an investigation of the fall in cinema takings as sales of videos

increase, possibly the decline in the cinema mirrors the increased use of

videos (in which case cinema sales =y ) , but perhaps it is the other way

round. Perhaps cinemas were closed, in a property boom say, and people

buy videos because there is no longer a convenient local cinema (in

which case video sales = y ). However, if the question referred to the

regression of cinema sales against video sales or asked for an estimate of

cinema sales for a known level of video sales then the doubt would be

removed and cinema sales would have to be denoted by y .

Judging the validity of forecasts

When we have made forecasts, obvious questions to be asked are ‘how
accurate are they?” and ‘what validity do they have?’

Such queries can be addressed in a number of ways.

The importance of using the correlation coefficient as a check on the
validity of the assumption of causality has already been stressed. In
addition, you should bear in mind the caveats mentioned in earlier parts
of the chapter. In particular, is there a hidden third variable in the
problem? Thus, in Examples, sales might not depend on the number of
salespersons at all, but on the size of the region, as we mentioned when
first discussing this problem. If this is the case, then simply increasing
the number of salespersons within a region would not in itself increase
sales. Even if this is not the case, have we got the causation the right way
round? In Example it might be that, as profits increase, the company
feels able to spend more on advertising, so that advertising expenditure
depends on profits, contrary to the implicit assumption we made when
forecasting profits. If this is the case, increasing the advertising would
not necessarily increase profits. Before leaving the correlation
coefficient, we mention another, closely related, measure, the coefficient
of determination, r 2. The value of this measure, when expressed as a
percentage, shows the percentage of variations in the variables that can
be explained by the regression analysis. The remaining variation is due
to factors omitted from the analysis.

Example

Evaluate the coefficients of determination for the situations in (a)
Example 1 and (b) Example2, and interpret their values.

Solution

Correlation and Regression

2 region fo the next con be exploined by the cor
e el o g
ns. Cinky about 10 par cent of he difterences in regiona
|Ed BAG
=1 [ . 0] [ L
nt of th in profits from one year to the next can be explained by the ooime
n advarlising expenditure, leaving o surprsingly low 12.4 per cent apparently due io

Consider now the two forecasts made in Example 7.10.1. The second one
is distinctly different from the first, in that we have taken the regression
line far beyond the upper data point ( x = 18 salespersons) to twenty-five
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salespersons. The forecast is an extrapolation beyond the range of the
data. This is an uncertain step to take, as the sales within a region at a
certain time must have a ceiling: there must come a point where extra
salespersons will generate no further sales. If this point has been passed
with twenty-five salespersons, then our forecast will be an overestimate.
The first case, by contrast, is an interpolation within the range of the
data, and so can be considered more valid. In the same way, the profit
forecast of Exampl2 is a slight extrapolation and so should be treated
with some caution.

Extreme cases of extrapolation have already been seen when interpreting
values of the coefficient a in earlier regression equations. In doing this,
we are effectively extrapolating to the x -value of zero, and so we should
not be surprised if the result seems implausible. The approach we have
adopted is, of course, a considerable simplification of reality. Profits,
sales, and so on, depend on a number of factors, not all of them
quantifiable, whereas we have assumed here that they depend on just one
other quantitative variable. We have studied only simple regression.
There is an extension to the topic, known as multiple regression, that
enables a variable to be forecast in terms of any number of other
variables. This is beyond the scope of this text.

All the forecasts made in this chapter have been for ‘next year’ , whereas
the data comes, of course, from the past. There is, therefore, an implicit
assumption that conditions that obtained in the past still obtain now and,
more importantly, will continue to obtain during the period of the
forecast. There is no mathematical way of checking that this is so, but the
forecaster will have qualitative knowledge of the particular company and
its market, and so will be able to form a judgement. If, for example, a
new company was known to be making a big push in the market of the
company in Examplel, you might doubt the forecast of next year’s profit
figures.

In conclusion, this section has looked at a number of considerations that
should be borne in mind when judging the validity of a regression-based
forecast. We shall summarise these in the next section.

Example

Comment on the likely reliability of your forecasts in Example.3.

Solution

The high values of the coefficients of variation suggest reliable forecasts,
with the higher value for sales of L indicating the more reliable forecasts
here. Forecasts for outlet G are interpolations and so are more reliable
than those for outlet H, which are extrapolations. Finally, there is the
possibility of other factors that might affect sales that are not covered in
the analysis (advertising budgets at the various outlets, their relatively
advantageous or disadvantageous locations, etc.).

REVIEW QUESTIONS

An ice-cream supplier has recorded some sales data that he believes
shows a relationship between temperature and sales. The results shown
below are for ten sample days in the summer:
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Temperature ("C) Cartons sold

VI.

x ;
13 1]
16 1
17 14
19 5
20 i
21 19

23 24

26 25
7 26
28 7

Using the intermediate totals given below, calculate the coeffi
cient of correlation giving your answer correct to two d.p.
Ig=210 Xy =210
Exl = 4,634 1}': = 3865
Zxy = 4,208
If the correlation coefficient was 0.95 calculate the coefficient of
determination, giving your answer to the nearest whole number.
If the correlation coefficient was 0.95, which of the following
statements would be correct?
The positive sign tells us that there is a strong relationship
between temperature and sales.
(B) The positive sign tells us that as temperature rises, so do
sales.
(C) The value of the correlation coefficient tells us that there is a
strong linear relationship between temperature and sales.
(D) The value of the correlation coefficient tells us that for each
increase of 1 degree in temperature, sales increase by 0.95
cartons.
(E) The value of the correlation coefficient tells us that for each
decrease of 1 degree in the temperature, sales decrease by 5 per
cent.
(F) The value of correlation coefficient tells us that high
temperatures cause high sales.
If the coefficient of determination was 85 per cent, which of the
following statements would be correct?
(A) When temperature increases by 1°C, sales increase by 85
per cent.
(B) When temperature increases by 1°C, sales increase by 15
per cent.
(C) On 85 per cent of days it is possible to accurately predict
sales if an accurate prediction of temperature exists.
(D) 85 per cent of the changes in sales from one day to the
next can be explained by corresponding changes in
temperature.
The following graph displays the data. What type of graph is it?
(A) Scattergram
(B) Histogram
(C) Pictogram
(D) Ogive
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VII.

VIII.

¥ear

30
28
26
24
22
20+ ki

|
18 * Line of best fit

Number of car tons sokd

¥ T T T T T T T T T T T T T T T T T T T T T

10 15 20 25 30
Temperature “C
(A) A freehand line of best fit has been fitted to the graph of the
data. Estimate the likely sales when the temperature is 15°C,
giving your answer to the nearest whole number.
(B) Estimate the likely sales when the temperature is 30°C,
giving your answer to the nearest whole number.
Which of the following statements about the reliability of the
estimates made in are correct, assuming that the correlation is
0.95.
(A) The estimate for a temperature of 15°C should be reliable
because it involves interpolation.
(B) Both estimates are less reliable than they otherwise would be
because the sample is small.
(C) The estimate for 30°C should be reliable because it involves
extrapolation.
(D) Both estimates are more reliable than they would otherwise
be because the correlation is high.
Using Excel, enter the data above and draw a scatter diagram to
examine the relationship between the temperature and the number
of cartons of ice cream sold.
A travel agency has kept records of the number of holidays
booked and the number of complaints received over the past ten
years. The data is as follows:

K 2 3 4 5 fi 7 a i 17

Number of holidays bocked M6 197 1M 3 4le 279 M3 582 GI0 674

-

Mumber of camplaints received Qe B 06 183 225 162 191 252 291 310

The agency suspects there is a relationship between the number of
bookings and the volume of complaints and wishes to have some method
of estimating the number of complaints, given the volume of bookings.

Denoting number of holidays by X and number of complaints by
Y, the following summations are given:

LX =3948, LV = 1894, LX* =1828092. I¥? = 41796, LXY = 869.790.
Calculate the value of the regression coefficient * b *, giving your
answer correct to three d.p.

If the value of b is taken to be 0.4 calculate the value of the
regression coefficient ‘a ’, giving your answer correct to two d.p.
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VII.

If the regression equation was y 31
0.4 x forecast the likely number of
complaints if 750 holidays are booked, giving your answer to the
nearest whole number.
Which of the following methods could be used to check whether
there is in fact a linear relationship between the variables.
a. Scatter diagram
b. Times series analysis
c. Coefficient of variation
d. Regression analysis
e. Correlation coefficient
Which of the following comments about the likely reliability of
the estimate of
Complaints arising from 750 holidays is/are correct?
a. The estimate is likely to be reliable because the value of
a’ is positive.
b. The estimate is likely to be reliable because it lies outside
the range of the data.
c. The estimate is likely to be unreliable because the sample
is small.
d. The estimate is not likely to be reliable because the value
of * b’ is not close to 1.
e. The estimate is likely to be unreliable because it was
obtained by extrapolation.
Using Excel, enter the data above and produce a chart to show the
relationship between the number of holidays booked and the
number of complaints received, and then plot the least-squared
line.
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There are many situations in which there are no plausible or available
independent variables from which a dependent variable can be forecast.
In such cases, approaches alternative to regression have to be adopted.
One of these consists of using past values of the variable to be forecast, a
so-called time series, and looking for patterns in them. These patterns are
then assumed to continue into the future, so that an extrapolative forecast
is produced. The first task is thus to discuss the various patterns that time

series data displays.
Components and models of time series

There are considered to be four components of variation in time series:

.the trend, T;

.the seasonal component, S;

.the cyclical component, C; and

«the residual (or irregular, or random) component, R.

The trend in a time series is the general, overall movement of the
variable, with any sharp fluctuations largely smoothed out. It is often
called the underlying trend, and any other components are considered to
occur around this trend. There are a number of basic trend patterns that
business variables tend to follow, as shown in Figure 8.1 . The simplest (
Figure 8.1 (a) ) is a linear trend, in which the variable is basically
growing (or declining) at a steady rate. A logistic trend ( Figure 8.1 (b) )
is typically followed by the sales figures of a product after its
introduction: the level plateau is the market saturation figure that the
sales eventually reach. A compound interest (or exponential) trend (
Figure 8.1 (c) ), as the name suggests, is a relatively steeply rising curve
followed by variables whose values are compounded on earlier values:

for instance, investments subject to compound interest.

The seasonal component accounts for the regular variations that certain
variables show at various times of the year. Thus, a newly formed ice-
cream manufacturing company may have sales figures showing a rising
trend. Around that, however, the sales will tend to have peaks in the
summer months and troughs in the winter months. These peaks and
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troughs around the trend are explained by the seasonal component. In
general, if a variable is recorded weekly, monthly or quarterly, it will
tend to display seasonal variations, whereas data recorded annually will
not.

The cyclical component explains much longer-term variations caused by
business cycles. For instance, when a country’s economy is in a slump,
most business variables will be depressed in value, whereas when a
general upturn occurs, variables such as sales and p rofits will tend to
rise. These cyclical variations cover periods of many years and so have
little effect in the short term.

{a} Lin=ar
»

[k Logistic

= TR
ich Compouwnd interest

¥

The residual component is that part of a variable that cannot be explained
by the factors mentioned above. It is caused by random fluctuations and
unpredictable or freak events, such as a major fire in a production plant.
If the first three components are explaining the variable’s behaviour well,
then, subject to rare accidents, the irregular component will have little
effect.

The four components of variation are assumed to combine to produce the
variable in one of two ways: thus we have two mathematical models of
the variable. In the first case there is the additive model, in which the
components are assumed to add together to give the variable, Y :

Y =T+S+C+R

The second, multiplicative, model considers the components as
multiplying to give Y :

Y=TX SXCXR

Thus, under the additive model, a monthly sales figure of £ 21,109 might
be explained as follows:

.the trend might be £ 20,000;

. the seasonal factor: £ 1,500 (the month in question is a good one for
sales, expected to be £ 1,500 over the trend);

. the cyclical factor: £ 800 (a general business slump is being
experienced, expected to depress sales by £ 800 per month); and

. the residual factor: £ 409 (due to unpredictable random fluctuations).
The model gives:
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¥Y=T+5+C+R
21,109 = 20,000 + 1,500 + { — 800) + 409
Notes The multiplicative model might explain the same sales figures in a

similar way:
.trend: £ 20,000;
.seasonal factor: 1.10 (a good month for sales, expected to be 10 per cent
above the trend);
.cyclical factor: 0.95 (a business slump, expected to cause a 5 per cent
reduction in sales); and
.residual factor: 1.01 (random fluctuations of = 1 per cent).
The model gives:

¥Y=Tx5i§xCxR

21,109 = 20,000 > 1.10 X 0.95 % 1.01
It will be noted that, in the additive model, all components are in the
same units as the original variable ( £ in the above example). In the
multiplicative model, the trend is in the same units as the variable and
the other three components are just multiplying factors.

Forecasting linear trends

There are many ways of forecasting time series variables. To give a
flavour of extrapolative forecasting we shall concentrate here on just one.
The method consists of forecasting each component separately, and then
combining them through one of the models to form a forecast of the
variable itself. We begin with the trend, initially by assuming the
simplest case of linear trends. In this case, there is no need for any new
theory since we can find the trend as a linear regression line.

Business Mathematics

Example
The following table gives the quarery sales Figues of o small company over the last 3 yeam. Forecast the nest
four values of the rand in tha seres.
Solas
Time periad £000
| Gy quarer 1 [f = 1} A2
quarker 2 |f = 2| 41
quarker 3 [f = 3| 52
quarker 4 |f = 4] 6
93 quaorker 1 f = 5} 45
quarker 2 |f = 6| 48
quarker 3 [f = 7} &
guorer 4 |f = B 4
| G q.u::l-’_-' 1t="% 5
quorker 2 [ = 10)
quarer 3 | = 11) o0
quorer d = 12 A6
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Solutien

The graph of these dako, the fime senes graph, is shown in Figure 8.2, This shows thet fhe company’s sales ae
:"- = “:na an I.lll:f-l'-\.-]': !r"'ﬁ-":j (= ! = M =i=-N = =1 l'l""' 2=020M3 FH:'-!H!'I =ach
arfer & a peak and eoch fourh quarter is @ fough. The approach and mods g used here ame thee
fore appropriate.
Sales (FOO0) &0
r=42+41.01t
40
ko)
20
| 2 1 4 & 6 7 B % 1w 1 112

t {guart=rx)
Times series graph and trend line (Example)
It will be noted that the twelve quarters for which we have data have
been numbered from one to twelve, for ease of reference and to facilitate
the computation of the regression line. It is left as an exercise for you to
verify that this has equation:
T =420+ 1.01t
where T is the assumed linear trend in sales (£’000) and t is the number
of the quarter (1992, quarter 1: t = 1, and so on). This line has been
superimposed on the graph in Figure. The process of calculating the
trend, whether by regression or by moving averages (see later), is often
described as ‘smoothing the data’. As you can see from the above graph,
the original ups and downs of the data have been smoothed away.

Forecasting seasonal components

Up to now, we have not had to concern ourselves with the choice of
model. Since the nature of the seasonal component is so different in the
two models, we now have to make a choice. The multiplicative model is
usually considered the better, because it ensures that seasonal variations
are assumed to be a constant proportion of the sales. The additive model,
in contrast, assumes that the seasonal variations are a constant amount,
and thus would constitute a diminishing part of, say, an increasing sales
trend. Because there is generally no reason to believe that seasonality
does become a less important factor, the multiplicative model is adopted
more frequently, as demonstrated here.

The arithmetic involved in computing seasonal components is somewhat
tedious but essentially simple. Assuming a very simple model in which
there are no cyclical or residual variations:

Actual value, ¥ =T x §

¥

so § =

The seasonal component, S, is therefore found as the ratio of the actual
values to the trend, averaged over all available data (so as to use as much
information as possible). For forecasting purposes, the same degree of
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seasonality is assumed to continue into the future, and so the historical
seasonal components are simply projected unaltered into the future.
Example

Calalae the seasonal componznts frem the soles dolo and frend of Excmple 8.3.1.

Solution
The first, tedious sep is o coloulate the rofic of saks end For sach of the hwalve quarters given. W show the
first and lest here, leaving the irkermediate ten calculafions os exerises
f=F T=420+1.01x}=4£3.01
5 =i=i= 09765
T 43

f=12 T=420+01.0Tx12=254.12

46

5412

= 0.3500

v
5=?=

The complete set of ratios, amanged by quarer, =

Gharier | Gharksr £ Guarisr & Ghorter &
1902 09765 0®314 1.1548 0.8471
1903 00544 OQ08H 1.2431 02185
1964 1.0178 DB 1.1297 05500
Total 29507 29091 35276 25156
Mean 09836 O a7 1.175% 08719

Wwhen amonged ke thes the averagsng process for eoch quoner 1s foclnated. The resulting values constute the
mea seasonal canponent far each quarter fom the giver dota: they show that, on average in ihe pasl, quarter
1 saies hows beer U8 per cent [approdimoisy) of the frend, quorer 2 salas ©F par cant of he trerd, and zo on
Thesz values are now odopled os the required forcast seasonal components [dencled 5. In this cose the fore
casi: for the four quarters of 1995 are thus:

0.9838, 0.9697, 1.1759 and 0.87 19, respacively.

As tha four seasonal componerts under this model should, on avermge, concel cut over a year an e step i
offer foken hars, & enswre they odd up fo 4 lan averogs of 1 sach). The arithmeic is sroightforwod

Told = 07836 + 09697 + 1.1759 + 0.8719 = 4.0011
To reduce this o 4, we will have fo sublroct Fom eoch one

AWNI—4 _ 40003 fiofeur d.p)
4 ' a
This gives the seasonal comporents a=:

0.9833, C.9694, 1.1756 ard 0.8716, spacively.
In ths Instanoe, the odjustment has hod scoceby cny effect anc so0 con be gnored. In foor, the original datc

seems jo hove been rounded do Hwes st w0 giving the seasonol components to four dp. connot really be
jistifad  Thay weild ba hetier randed 10 098 D07, 1 1R and 1 R7

We have used arithmetic averaging to find the average seasonal variation
and to adjust the averages so that our estimated components add to 4. An
alternative method that is more mathematically ‘correct’ is to use
geometric means and to adjust the average ratios so they multiply to 1.
However, in practice it makes virtually no difference and the arithmetic
mean is easier.

Producing the final forecast

We must now consider the final two components of variation. Isolating
the cyclical component of time series has proved to be a controversial
area in economics and statistics. There is no consensus on an approach to
the problem. Also, as we have already mentioned, cyclical variations
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have little effect in the short term. For these reasons, we shall omit the
factor C from this first treatment.

The residual component is by nature unpredictable. The best that we can
do is to hope that any random fluctuations are small and that no freak
events occur, so that the factor R has no overall effect.

For a component to be omitted or to have no effect, it must have the
value 1 in the multiplicative model, since multiplying anything by 1
leaves it unchanged. We have thus simplified our model, for the purposes
of forecasting, to

F=T=5

Example

Solution

Seasonal adjustment

Before proceeding we digress slightly to look at a closely related topic,
seasonal adjustment. This is important, because we are often presented
with a single figure for weekly revenue, monthly profit, or whatever, and
it is difficult to make judgements without some idea of the extent to
which the figure has been distorted by seasonal factors and consequently
does not give a good indication of the trend. One approach is to
deseasonalise or remove the seasonal effects from the figure. In the
multiplicative model, in which the factor S multiplies with all the other
components, seasonal adjustment consists of dividing by S. In other
words, from

G i
we estimate;
M
= e
3
E FF-:.'.':J'-.';:|'_.', the ﬁ-::lx-}r-..l'.'._y adjusted F.gur;: is an estimate of the trend.
Example
The compony of Example 8.3.1 mports soles of £50,000 during S Bourth quaner of o cerain: yeor. Seasonally
adjusi #is figurs
Selution

Moving average trends

The above approach is based on an assumption of a linear trend.
Although this may appear plausible or ‘appropriate’ , there are many
occasions where such an assumption might not be made. An alternative

111

Time Series

Notes



Business Mathematics

Notes

approach that does not depend on linearity, but that also has some
relative disadvantages discussed later, involves using moving averages as
the trend. The arithmetic involved in this approach is still voluminous
but essentially simpler than that of regression analysis, and can just as
easily be computerised. To illustrate the method, we continue to look at
the example discussed above.

Example

In the example under discussion. compule the bend s g cenfres

=
|
B
9
1]
Il
B
1
]
=)
o
,
]
el
L
o]
=
&)
o
=]
W

Solution

Canfad
Four-guariarfy aghtqua oy Moving e,

Sates (E00C0 Fokal fokal [mn

Other types of data

Before moving on, it will be noted that we have centred quarterly data
here. In order to deal with weekly data, for example, a centred 104-point
moving average would be needed for the trend (and, incidentally, there
would be fifty-two seasonal components, one for each week). Monthly
data would lead to a 24-point moving average trend and twelve seasonal
components.

The moving average approach can also be used for trends from annual
data. If the data has a clear cycle of highs and lows spanning, say, 5
years, then non-centred five-point moving averages would be used. If
there is no cyclical pattern the choice is arbitrary, but three or five-point
moving averages are often used to smooth the data because no centering
is needed when an odd number of figures are averaged. Cyclical
components are estimated by averaging Y = T values in the same way as
seasonal components.
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Example

Solution

Judging the validity of forecasts

As in the preceding chapter, we now have to consider how valid are
these and other extrapolative forecasts. First of all, as the name implies,
they are extrapolations, and so there is the possibility of error, as
discussed earlier. In particular, you should monitor background
circumstances to detect any changes that might invalidate the assumption
that these are constant.

Further, assumptions made about the trend can be critical. The adoption
of a linear trend may appear plausible but it is sometimes difficult to
check its validity. For example, the moving average trend shown in
Figure 8.3 may indicate that the sales are following a logistic form (see
Figure 8.1 (b) ), and that the linear regression approach may be
extrapolating the middle portion of the graph beyond the ‘market
saturation’ plateau. Each such successive step into the future becomes
increasingly less reliable. This ‘plateauing out’ is reflected in the
forecasts of Example. The moving average approach is not without its
problems either. The method of calculating T meant that there were two
existing quarters (1994 Q3 and Q4) through which any trend
extrapolations had to extend before getting into the future. There was no
guidance as to where the trend line should be extended: it had to be done
‘by eye’ , using ‘judgement * , and so the additional two quarters cast
further doubt on the reliability of the trend forecasts.

There are refinements to these basic methods that can remove the
necessity to make such assumptions or to assert such judgements on the
trend, and can deal with non constant seasonal components. These are
beyond the scope of this text.

The methods of this chapter, and any amendments to them, depend on
the assumptions that a time series has a certain number of components of
variation, and that these combine in a certain way ( ‘the model’ ). One
way of checking on these assumptions is to assess the values of the
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residuals from past data. To do this, we reintroduce R into our model:
Fe=T %R
v

'JE[:I:'_
h x5

Thus, in 1992 quarter 1 of the dme series under discussion here (limear trend):

¥ = 42; T = 43.01 (ewaluated in Example 8.4.1): § = 0.9836

so that
¥ 42
. et - = — = (L9928
T'x 5 43.01 009836
Alternatively, for the other approach o the trend, wsing the fpures of Framples 8.7.1
and 8.7.3:

¥ 57
e = = (1.9942
=8 43.88 > 1.1920

Proceeding in this way, all past values of the residual component can be
found (you might complete the calculations of these values for practice):

R, lincar rrgrecsion frevd R, meving average irend
0,992

1992 Q3 R =

1992 1
Q2
03
4
1993 a1
Q2
Q3
4
104 8]
Q2
Q3
4
Ideally, the residuals should be having little effect and so should be close
to 1. All the above values are fairly near to 1, which gives some support
to the validity of the forecasts. Direct comparisons of the eight quarters
possible, however, shows that the right-hand column is always closer to
1 than the left. The moving average approach therefore appears more
valid, and this, in turn, possibly reflects the fact that the moving averages
have dealt with a “‘plateauing out’ of sales, whereas the linear regression
has extrapolated beyond it. Against this must be set the fact that we had
to ‘guess’ where the moving average trend goes next, whereas it is
known where a regression line goes.
Further, if we had more quarterly sales figures we could inspect the R -
values for patterns: as an assumedly random component, there should not
be any. If, for example, the values gradually moved away from 1, the
model would be getting progressively less reliable, so casting doubts on
any forecasts from it. Similarly, if there was a seasonal pattern in R, this
would cast doubt on the underlying assumption of constant seasonality.
Finally, you will have noticed that there is a great amount of arithmetic
involved in producing the forecasts of this chapter. It is therefore highly
advantageous to use one of the many available computer packages that
deal with such extrapolative models.
Computations involving the additive model
Although it has been stated that the multiplicative model is the more
often applicable, the additive model may occasionally be used, and so we
give an example of this latter model. As before, the computation of the
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trend does not depend on the model chosen, and so any form of trend can
be applied.

REVIEW QUESTIONS

1. The managers of a company have observed recent demand patterns of
a particular product line in units. The original data, which has been
partially analysed, is as follows:

Year

1993

_-.:ll.:i

1904

1956

Chnareer Lhara Seim of fours Swm of s1wer

2 31

3 18 a4 L0

t 0 [ 193

1 25 i 1 195

2 33 98 197

3 19 99 198

£ 21 99 198
26 99 154

2 33 100 201

3 19 101

£ 22

1 27

You have been commissioned to undertake the following analyses and to
provide appropriate explanations. (Work to three d.p.)

In the following table, fi nd the missing values of the underlying
four-quarterly moving average trend.

¥ear CQrigrrer Seem af swor Menving average
Loo3 4 Lo A
1994 | 193 B
2 195 24.375
o7 24625
i 198 24.750
[905 | |08 24750

2 1 5 24.875

3 201 c

Calculate the seasonally adjusted demand (to three d.p.) for the
four quarters of 1994 based on the multiplicative model if the
seasonal factors are as follows:

Quarter 1 1.045

Quarter 2 1.343

Quarter 3 0.765

Quarter 4 0.847

Which of the following statements about seasonal adjustment
is/are correct?

(A) Seasonally adjusted data has had the seasonal variations
removed from it. Correct/incorrect

(B) Seasonally adjusted data has had the seasonal variations
included in it. Correct/incorrect

(C) Seasonal adjustment is the process by which seasonal
components are adjusted so that they add to zero.
Correct/incorrect

(D) Seasonal adjustment is the process by which estimates of the
trend can easily be obtained.

Correct/incorrect

If the seasonally adjusted values are increasing, which of the
following would you deduce?

(A) The trend is upwards.

(B)The trend is downwards.
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(C) No deductions about the trend are possible from the information
given.

Notes (D) Seasonal variability is increasing.

(E) Seasonal variability is decreasing.
(F) No deductions are possible about seasonal variability.

V. If A denotes the actual value, T the trend and S the seasonal
component, write down the formula for the seasonally adjusted
value if an additive model is being used.

2. You are assisting the management accountant with sales forecasts of
two brands — Y and Z — for the next three quarters of 1993. Brand Y
has a steady, increasing trend in sales of 2 per cent a quarter and
Brand Z a steadily falling trend in sales of 3 per cent a quarter. Both
brands are subject to the same seasonal variations, as follows:

Business Mathematics

Ousrier ol Q2 3 04
Seasonaliry - 3% 0 - 0% tG0%

The last four quarter’s unit sales are shown below:

1992 ()2 1992 €13 1992 ()4 1995 1
Brand Y 331 237 552 246
Brand £ 873 503 1.314 558

I.  Which of the following statements about the seasonal variations
is/are correct?
A. Actual sales are on average 30 per cent below the trend in the
third quarter.
B. Actual sales in the fi rst and third quarters are identical on
average.
C.  Auverage sales in the second quarter are zero.
D. Actual sales in the fourth quarter are on average 60 per cent
above the trend.
Actual sales in the fi rst quarter are 1.3 times the trend.
Actual sales in the fourth quarter are 1.6 times the trend.
Il.  Seasonally adjust the sales fi gures for 1993 Ql, giving your
answers to one d.p.
I1l.  Forecast the trend for brand Y for 1993 Q4, giving your answer
to one d.p.
IV. If the trend forecast in 3.3 was 370, forecast the actual sales of
brand Y for 1993 Q4, giving your answer to the nearest whole

nm

number.

V.  Forecast the trend for brand Z for 1993 Q3, giving your answer to
one d.p.

VI.  If the trend forecast in 3.5 was 770, forecast the actual sales of
brand Z for 1993 Q3, giving your answer to the nearest whole
number.

VII.  Which of the following are assumptions on the basis of which

time series forecasts are made?

A.  That there will be no seasonal variation.

B.  That the trend will not go up or down.

C. That there will be no change in the existing seasonal pattern of
variability.

D. That the model being used fi ts the data.

116



E.  That there will be no unforeseen events.

3. The quarterly sales of a product are monitored by a multiplicative

time series model. The trend in sales is described by
Y =100 + 5X
where Y denotes sales volume and X denotes the quarterly time period.
The trend in sales for the most recent quarter (fi rst quarter 1991, when X
= 20) was 200 units. The average seasonal variations for the product are
as follows

(Jmarser First Second Third Fourth
Seasonal effect ] 20% 4+ 4005 — 3

The price of a unit was £ 1,000 during the fi rst quarter of 1991. This
price is revised every quarter to allow for infl ation, which is running at 2
per cent a quarter.
I.  Forecast the trend in the number of units sold for the remaining
three quarters of 1991.
Il.  Forecast the actual number of units sold (to the nearest whole
number) for the remaining three quarters of 1991.
I1l.  Forecast the price per unit for the remaining quarters of 1991,
giving your answers correct to two d.p.
IV. If the prior forecasts were as follows, forecast the sales revenue
for the remaining quarters of 1991, giving your answers to the

nearest £.
Chuarter of 199 Forecatsts Price per wnis
Mrambers sald £
2 154) 1010
3 300 1030
4 170 1050

FURTHER READINGS

Business Mathematics and Statistics- Andy Francis
Agarwal B.M.

Introduction to Business Mathematics- R. S. Soni

Business Mathematics : Theory & Applications- Jk. Sharma
Business Mathematics- Trivedi Kashyap
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INTRODUCTION

Most people have some intuitive conception of uncertainty or chance, as
the following typical statements illustrate:

. ‘On past evidence, there seems to be a 50/50 chance of this project
succeeding.’

.l reckon that, if we stay on this course, we will have only a one in ten
chance of making a profit next year.’

. “The consultants’ report says that our project launch has a 60 per cent
chance of success.” Each of the above sentences contains a term
attempting to quantify the degree of uncertainty in a business situation.
In this chapter we introduce the formal study of such quantify action, or
probability, initially looking at several different approaches to the
subject. More detail of uncertainty and risk is given in Section 9.14.

Definitions of probability

Probability is a branch of mathematics that calculates the likelihood of a
given event occurring, and is often expressed as a number between 0 and
1. It can also be expressed as a proportion or as a percentage. If an event
has a probability of 1 it can be considered a certainty: for example, the
probability of spinning a coin resulting in either ‘heads’ or ‘tails’ is 1,
because, assuming the coin lands flat, there are no other options. So, if an
event has a probability of 0.5 it can be considered to have equal odds of
occurring or not occurring: for example, the probability of spinning a
coin resulting in “heads’ is 0.5, because the spin is equally likely to result
in ‘tails.” An event with a probability of 0 can be considered an
impossibility: for example, the probability that the coin will land flat
without either side facing up is O, because either “heads’ or ‘tails’ must
be facing up. In real life, very few events are ever given a probability of
zero as there is always an unknown element in human affairs. As
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mentioned above one way of viewing/understanding a probability is as a
proportion, as the following simple example will illustrate.

Example

A cu-\cl'r-:l--_,- sivsidod dice i rolled. VWhat is the probab lig that it will chow a numbar loss than threo?
Salutien

Ham it 15 passibla in kst nll the possible aoyonly ikaly cutemmes of milling 0 dics, momeky the swhole: nombars fiam
R e T

L2 3 458

Tho owcamaos that constitdo the ‘cvend' vndor considaraion, that iz, ‘o nembsor loss than throo® ara:

Hencs the mroportion of oulcomes that constitte the sweend 2 258 o 13, which i therslore the deaired
prcxabsility.

En cedinmyy sivsidad dicg s sollod. What i the: pobabiiyg ol 1owil show o umber s than et
Hara 't s posaiide 1o hst all e poesibla equally Huly outbomes of solling o dias, nomely e whole membens from
pna o six incheha

2L 4548
T ouboormes 'i'.:l' consiis o ovord oo oons 37_"3 b, ol s, "a !'."-'!I;:#'.l' \:H'.r-\'_" :_-\.'h:" [= =
Henme the proporion of cutomes ot constuie tha ovent 15 246 o 173, which = thadoa tha doesiad
protobiley

Note that this answer agrees with the intuitive statements you might
make about this situation, such as ‘the chances are one in three’ . In
situations like this, where it is possible to compile a complete list of all
the equally likely outcomes, we can define the probability of an event,
denoted P (event), in a way that agrees with the above intuitive approach:

Total number of outcomes which constitute the event

Plevent) = -
Total number of possible outcomes

This is known as exact probability because it involves having a complete
list of all possible outcomes and counting the exact number that
constitute the event. This definition, however, is not always practical for
business purposes, as you can rarely state all the possible outcomes. To
illustrate this, and to demonstrate a way of overcoming the problem, we
consider the following.

Example

A quality contralier wishes to spacity the probabilihe of o companent iailing within 1 year of installafion. Hew

might she proceed?

Solution

T find thiz probabity from an exoct opprooch wowld necessilole obtaining o list of the lifefimes of ol the com
ponents, and courfing these of less than 1 year |t is cleary impossible to keep such o detailed record of svery
component, afier sale

An allermative, "Eusl._|— approach is 1o foke a sample of companents, rcather than the whele popu lafion, and
test them under working “ﬂ:ll tiors, to see what propartion kil within cne year. Probabilffies produced in this
weay are known as empirical and are essenfially approximations to the e, but unobiainoble, exact pr .:x:l:.h-
fiszs. In this cose, the quality controller may chocss to sample 1,000 components. If she fren finds that 16 il
weithin 1 year:

14

P [component failing within 1year] = —— or 0.018
' ’ 1 OO0

For this approximation to be valid, # iz essenfiol that the sample i represenioiive. Further, for a more accurale
opprasimation, o larger sampde could be ioken, provided that tha time and monery are available
We make two comments before moving on. First of all, since we are
defining probabilities as proportions, probabilities will lie in the range 0
1, with 0 denoting an impossibility and 1 denoting a certainty. Second,
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there are many practical instances in which a suitable sample is
unavailable, so an empirical probability cannot be found. In such cases a
Notes subjective probability could be estimated, based on judgement and
experience. Although such estimates are not entirely reliable, they can
occasionally be useful, as we shall see later. The second quotation in the
Introduction to this chapter is an example of the use of judgement to
estimate a subjective probability.

Addition rules of probability

In principle, it is possible to find any probability by the methods
discussed above. In practice, however, there are many complex cases that
can be simplified by using the so-called rules of probability. We shall
develop these via examples.

Business Mathematics

Example
According %o personnel records, the 111 employses of an accountancy praclice con be dassified by their wark:
base |4, B or C) and by their professional gualfications thus:
Ciffice A ffice B Hice C Toid
Chualified 26 29 24 A"
tot quallified 1 9 12 32

ecled employee will

D

What is the probobiliy that o randemby s

la) woek ot office A or office B2
|b) work at office A or be prafessionally qualiied or bath®

Solution

la) There are 37 pecple working in A and 38 in B, moking 735 oot of 111 who work in sither & or B. Hance,
PldorBl =75/111
[b) Examining fhe tobde, we can apply our earlier nile: 37 are employed of office &, and 79 are qualified, mak-
ing o I'culcﬁ of | 1&. 1t is clear, however, that we hawe 'double counted’ the 28 emplovees who both work at
office & and ore quahfied. Submackng this double-counted amount, we see that

M&—-26=50

employess have the desired property. Hence:

R
LR

Fiemplowed ar office A or professionally qualibed] = - 7
)

Ve can generaliss from the above esults. W have:
- 2
la) PlAor B| = IS _37 38 _ MA) 1 AB)
ITT 11111
This 15 colled the special addiion rule of probabilling and 1t holds onby when A and B cannat both be mue. A and

D ezl s L l'.LIII."JIII:r enilimive in lhal, il il e & bue, len Fe oben s soceded, Booolbes seonds, PLA wsd
Bl — O
) — O

[b] Flamploved of office A or professionally qualified) = T ==

20 37+ 79— 2O

_37 .79 26

17T 111 111
= Plemployed at ottice A] + P|protessionally qualitied] — Plottice A and qualified)

Thic s an cxampls of the gonem| oddition iow of probabilifg:

Fix or Yj = P[X] + FIY] — MX and Y]
Tlees Bzt b in iz e l_«_l"l!_'!:ll"_'uh:'_'. s v | E= T o dumdohe l_u_lnii:lH. If, lmpevewen, Hraw iz oo pross Liil\c
of doubls counting  that is, 3% and ¥ cannat coour together [i.e. P and ¥) = Of then thiz d=rm con be omit
ted and the low simplified o tha 'spacial addifion. low':

Hik or Y} = FIX) + FIY]

Tlaewer rubes e givenn o yuon CIWAA dzsemaienl i Three Fomnea.,

Pi& 14 B} = P[A) + P|R) ranrd
PIA  BI = PIA) + PIBI — PIA  BI.
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The probability of opposites Probability
In the example we have been using, a person is either qualified or not
qualified, with probabilities 79/111 and 32/111, respectively. Not
surprisingly, P (Qualified) = P (Unqualified) = 111/111 = 1. It is certain
that a person is either qualified or unqualified and 1 is the probability of
certainty. In general:

1. If events A and B are mutually exclusive and together cover all
possibilities then P (A) = P (B) = 1. This holds true for any number of
such events.

2. P (Ais not true) = 1 = P (A is true). This is in practice a remarkably
useful rule. It often happens that it is easier to calculate the probability of
the very opposite of the event you are interested in. It is certainly always
worth thinking about if you are not sure how to proceed.

The multiplication rules of probability
Example

In the sitvation described in Example 9.3.1, what is the probakbi lity that a '-J-'-l‘.lG!-'I:':-' seiecied employes will come

from office B and not be qualified®

Notes

Selution

A, recding from the fable shows that nine of e 1171 employess come under the required categary. Hence:

.|{|

Plemployed at office B and not qualified] = -

Developing this, as abave, to derive o genaral nde:
- 38 7
= Ploflice B) % Plnot qualified, if fom B

This is an example of the geranal mulliplicofive law of probabiliy:
P and Y] = FY]-FIY, X
ar
PI¥ and Y] = PIX) -PIYX]
In the latier form of this low we see the notafion PIY]¥) which is read as ‘the probability of ' if jor given) X' Such

a pobckility & called o condfional probabiliy: | is used baoowse the fodt that X occurs affects the probabiling
that ¥ will oocue In the above, for example:

o

: 32
111

{nod professionally quallified) =

Yat the value we mast vse in the calculation is

L
Pinot professionally qualified # from office B = —
38
On oocosicn, X and Y ore stoligically independent. That is, the fod that X ooours has no effect on e probabilig
of ¥ cccuning Jond vice versal
Y[ = PIY)

In this case, the rule can be simplified ko the special muliiplicafion ruls:
P and Y1 = AX) -PIY)
These nides ane given in your CIMA ossessment in the farms:
PiA - B] = PIA) % PIB) and
PIA M B| = PiA) x PIBIA]
We now give two more worked examples to illustrate further the
application of the above rules. They also serve to demonstrate typical
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applications of probability in finance and accountancy. The first is in the
area of life assurance.

Before leaving this example, we point out two simplifications (and
therefore two assumptions) we have made. The probabilities quoted in
the question (0.69 and 0.51) are empirical, arising from the histories of
many people in the past. To apply these values to the couple in the
question required the assumption that the people are ‘typical’ of the
sample from which the basic probabilities came. If, for example, either
spouse had a dangerous occupation, this assumption would be invalid: in
practice, actuaries would have data, and therefore empirical probabilities,
to deal with such ‘untypical’ people.

Second, we have had to make the assumption that the life expectations of
spouses are independent, which is probably not true.

It should be emphasised that these estimates are valid only if the test
results are representative of the actual product performance and if this
product does resemble the previous ‘similar items’ regarding return rates
of faulty product (100 per cent) and faulty packaging (50 per cent).

Discrete probability distributions; expectations

We use the word discrete here in the same sense as in Chapter 3, namely
to describe a variable that can assume only certain values, regardless of
the level of precision to which it is measured. For example, the number
of errors made on an invoice is a discrete variable as it can be only 0 or 1
or2or...and never 2.3, for example.

A discrete probability distribution is similar to a discrete frequency
distribution (see Chapter 3) in that it consists of a list of all the values the
variable can have (in the case of exact probabilities) or has had (in the
case of empirical probabilities), together with the appropriate
corresponding probabilities. A simple example will illustrate.

Example

The recorda of o shop showeyr that, :Iuri"g the previoua 50 wmekas' frading, the number of aolea of o cedgin iterm

howe boon:

Pdumber of sa ke veeek Fumber of vees ik

A re Mo

{ rneinck the coresponding peobabiliby disribfon

Selurien

H have a descress disributicn of enmpirica probabilties. How, using me. aedinltion

Froceading in this way, we can

Plumber of salmawa ek Pnumber of salmawme k)

Tha expecied vaoive of a discrete probabilisy dismbution, E(8), 15 defined as:

Cl¥) — EXP

whaore the summotion s owor all volues of the variable, X and P donotos tho owxocf probakbil ty of the variable
t hos

attaining o volucs X AF Reed sighd thiz oppoars o be an absimd conco pl bt an oxompla wi | shower that

both o practical and an inhitively cleor meaning,.
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Before looking at an important application, there is a special case of
expected values worth mentioning. In the example above, on how many
weeks would you expect there to be no sales during a trading period (4
weeks) and during a trading year (50 weeks)? The intuitive answers to
these questions are that, since the probability of no sales in any one week
is 0.08, we should ‘expect’:

in 4 weeks, no sales to occur in 4 = 0.08 = 0.32 weeks and in 50 weeks,
no sales to occur in 50 = 0.08 = 4 weeks.

In fact, to fit in with these intuitive ideas, we extend the definition of
expectation. If there are n independent repeats of a circumstance, and the
constant probability of a certain outcome is P, then the expected number
of times the outcome will arise in the n repeats is nP. In the above, when
we have n = 4 weeks, our (assumedly independent) repeated
circumstances, and the constant probability P = 0.08 (outcome of no
sales in a week), then the expected value is:

nP = 4x0.08= 0.32 as intuition told us.

Example
It o ooin is foszed thres fimes, the resulfing number of heads is given by the following prooakbility distribetion
Mo of heods Probobiiiy
[¥] [F)
O /'8
| 3/B
2 3/8
3 1/8
oo 1
Find
la] the expeded number of heods in thres throws of o coin
[b) the expacted number of heods in 30 frows of o coin
Solutien
in
Io. of heads robobilif X
X [F]
o 1/8 8]
e /8
- F -
2 3/8 &6./8
3 1/8 8
Total 2/8ie 1.5
i [ . - 1 i o . -
As expedied, i o coin is tossed three fimes ihe expected |or ovemge| number of heods is 1.
[b) If a coin is tossed 30 fimes we would inhdfively expect 30/2 = 15 heods. Molice that 30 throws =
repeats of the three-ihrow frial and he expected number of heads is 10 % 1.5 = 15.

Expectation and decision-making

Many business situations require a choice between numerous courses of
action whose results are uncertain. Clearly, the decision-maker’s
experience and judgement are important in making ‘good’ choices in
such instances. The question does arise, however, as to whether there are
objective aids to decision-making that, if not entirely replacing personal
judgement, can at least assist it. In this section, we look at one such
possible aid in the area of financial decision-making.

In order to introduce a degree of objectivity, we begin by seeking a
criterion for classing one option as ‘better’ than another. One commonly
accepted criterion is to choose the option that gives the highest expected
financial return. This is called the expected value (EV) criterion.
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Limitations of this approach

We are not advocating that the above approach is ideal: merely an aid to
decision-making. Indeed, many texts that develop so-called decision
theory further address at some length the limitations we shall discuss
here. Suffice it to say, at this point, that attempts to overcome these
problems meet with varying degrees of success, and so it is
inconceivable that an ‘objective’ approach can ever replace the human
decision-maker.

Another limitation that this approach shares with most other attempts to
model reality is that the outcomes and probabilities need to be estimated.
In Example 9.8.1 all the profits and losses are estimates, as are the
probabilities attached to them. The subsequent analysis can never be
more reliable than the estimations upon which it is based. There is also
often a considerable degree of simplification with very limited discrete
probability distributions being used when more complex ones or perhaps
continuous distributions might be more appropriate. In Example 9.8.2 it
is quite unbelievable that when times are good sales are exactly 50,000 —
common sense tells us that they must be more variable than that. The
probabilities in Examples 9.7.1, 9.7.2 and 9.7.3 are empirical, arising
from past experience, and so have some degree of reliability unless
demand patterns change dramatically.

In other cases (see the second quotation in Section 9.2), only subjective
estimates of probabilities may be available, and their reliability may be
open to question. There is therefore a doubt over this approach when
subjective probabilities are used. Example 9.8.3 has another feature that
will tend to lend some validity to this decision-making approach. It is a
repeated decision, made every day. The expected values therefore have a
commercial meaning: they are long-term average profits. Thus, if the
store holder orders two units per day, she/he will average £ 16 per day
profit. As this is higher than the average profits attainable from any other
choice, this is a valid and sensible decision. In many cases, however,
individuals or companies are faced with one-off decisions. An analysis of
expected values would give the best average profits over a long run of
many repeats of the decision, a circumstance that does not obtain in a
one-off situation. One must question the use of the EV criterion in the
latter case.

ed profit. However, it is arguable that o perscn
) :

0, Wil :l'l g..
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Finally, the comment made at the end of Example 9.8.1 demonstrates a
serious deficiency in this approach: it takes no account of the decision-
makers’ attitude to risk. In the example, option B offered the lowest EV
but also the least element of risk, and so an analysis of expected values
does not give the whole picture. Particularly with one-off decisions, it
can only give a guide to decision-makers.

Even with objective testing it is still important to be aware of the
limitations of methods. The failure to take account of risk is a key
criticism of this approach.

Characteristics of the distribution normal

In Section, the idea of a discrete probability distribution was introduced.
The normal distribution is a continuous probability distribution. The
values of probabilities relating to a normal distribution come from a
normal distribution curve, in which probabilities are represented by
areas: (Figure). An immediate consequence of probabilities being
equated to areas is that the total area under the normal curve is equal to 1.

1a)

{0} Higher mean than (a);
same standard deviation

{c) Same mean as {a);
ower standard deviation

X

As Figure illustrates, there are many examples of the normal distribution.
Any one is completely defined by its mean ( p ) and its standard
deviation ( o ). The curve is bell shaped and symmetric about its mean,
and, although the probability of a normal variable taking a value far
away from the mean is small, it is never quite zero. The examples in the
figure also demonstrate the role of the mean and standard deviation. As
before, the mean determines the general position or location of the
variable, whereas the standard deviation determines how spread the
variable is around its mean.

Use of the tables of normal distribution

The preceding section describes the normal distribution but is
insufficient to enable us to calculate probabilities based upon it, even
though we know that the total area under the curve is one. To evaluate
normal probabilities, we must use tables such as those given in your
exam. These tables convert normal distributions with different means
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and standard deviations to a standard normal distribution, which has a

mean of 0 a standard deviation of 1

This special distribution is denoted by the variable z . Any other normal

distribution denoted x , with mean p and standard deviation ¢ can be

converted to the standard one (or standardised) by the following formula:
= X — JE

o

Example
Use normal distribution fables fo find the following:

@) PIQ <z < 1];
k) PIO <z < 1.25);
e} Plz = 2.1}

id) PIO7 =z =< 1);

el Plz = 1.96);

# Plz<—10984)

gl PI-1.96 <z < 1.96);
) PI-1.2 <z <28);

il Plz =3

Solution

We shall use the abbreviation TE to mean ‘lable eniry’ 50 that, for exa mple, TE(1} means the p:Dbc:bihiy given in
the table camesponding fo the value z = 1.00. Please note that this is not an abbmeviation in standard usage.
You will find if useful to look af the diagrams in Figure @.3 while working through these solutions.

[a) PIO0 <z < 1] =TE1.00] = 0.3413. In the table this is the enfry in row 1.0 and calumn 0.00.

(b PIO =z = 1.25) = TH1.25] = 0.3944. In the table this is the enfry in row 1.2 and column 0.05.

I Plz<2.1] =05 +TH2.1§ =05+ 0.482]1 = 0.9821. This probclbiiihz includes all the negative values
of z, which have a probability of 0.5, as well as those between O and 2.1 which are covered by the table
entry.

id) P{OFY;" <z=< 1] =TEl] - TE[0.7) = 0.3413 — 0.2580 = 0.0833. This is given by the small area under
the curve from O 1o 0.7 subfracted from the larger area from O fo 1.

le] Plz> 1.96) =0.5-TE(1.98) = 0.5 — 0.475 = 0.025. This failend area is given bv the area under half
the curve (i.e. 0.5) minus the area from O to 1.96.

fl Plz<— 198 =Rz> 194 =0.025 by symmainy.

(gl PlI-1.96 <z<1.96) =1 — 2 x 0.025 = 0.95, which is the fotal area of 1 minus the fwo tailends. This
symmetrical interval which includes 95 per cent of normal frequencies i very important in more advanced
shafistics.

th) Pl—1.2 =z <28 =TE1.2) + TE(2.8) = 0.3849 + 0.4974 = 0.8823. We have split this area info

two. That from O to 2.8 is simply the table entry and that from —1.2 to 0 equals the area from Cto +1.2 by

symmerry, o it foois gi\.ren by the table enrry.

Plz=3) = 0.5 — D.49845 = 0.00135. The method here is the siandard cne for toilend arecs but we

wanted to make two points. The first is that vi.'moﬂy all normal [requencies lie between three standard devio-

fions either side of the mean. The second is that, for symmetrical daia, the siandard deviation will be opproxi-
marei'y one-sixh of the @ nge.

(i

(a) (b) ()
— — I — — I — — Z
o 1 o 125 o z1
(d) (e) )}
— R - — 7 — 7
00N 0 1.96 -1.96 0
(@ (h) W
= 7 -z — — 7
-1.96 L[] 196 -12 0 8 1] 3
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Venn diagrams

Venn diagrams were first developed in the 19th century by John Venn.
They are a graphic device useful for illustrating the relationships
between different elements or objects in a set. A Venn diagram is a
picture that is used to illustrate intersections, unions and other operations
on sets. Venn diagrams belong to a branch of mathematics called set
theory. They are sometimes used to enable people to organise thoughts
prior to a variety of activities. Using Venn diagrams enables students to
organise similarities and differences in a visual way. A set of elements is
a group which has something in common. Such a group could be all the
children in a school. Such a Venn diagram is shown in Figure 9.6 .

A second Venn diagram ( Figure 9.7 ) shows all the boys and the girls at

the school.

| Children in the Village school |

_

\

b

Figure 9.6 Venn Diagram representing a‘he set of all the children in a Village School

A second Venn diapram (Fipure 9.7) shows all the boys and the girls at the school.

/Village-S-:h-:n:n \

| Glr|5

I\En} /)

Figure 9.7 Venn Diagram representing ﬂ'na bO}'S and girls in a Village School

A third Venn diagram (Figure 9.8) could be the children who play for the village foot

ball team.

/Chl Idren in th\

Village football |
team /.f
_,-'-""-.J

Figure 9.8 Venn diogram representing the children from the village whe play in the football team
A third Venn diagrame could be the children who play for the village
football team. So, if we want to represent the children in a village school
who also play football for the village team we would draw the following
Venn diagram. Then the area of intersection between the two ellipses is a
pictorial representation of the children from the Village School who are
in the Village football team.
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Using Venn diagrams to assist with probability

Venn diagrams can be a useful way of understanding calculations of
probability. This will be explained through the use of an example.
Example

The probability that o woman drinks wing is 0.4,

The probability that @ woman drinks gin and fonic is 0.7

The probability that o woman does drink wine and doss not drink gin and tonic is 0.1

This exomple will show how a Venn diogram will assist in obhaining the probokbilify thot o woman selecled at
random drinks wine, and gin and fonic.

The first siep is fo draw a Venn d QEAM. Showing the bwo sets of women, that is those that drink wine and
those thot drink gin ond fonic (Figure 9.10). The group that drink wine will be refened fo as set W and the set
that drink gin and tonic will be refered o os GAT

f/f T W __EEKF__G&T_ \

X

Figure 2.10 Two sets of women who drink wine, and gin and fonic

The nexd step i
be the probal
two ellipses. This a

%5 iz ¥z insert the probabilities in the Venn diogrom and to slort the calculations. Let »
he inlersection of the

oman drinks both wine and gin and fonic. This is represeniad by the
csumpdion now allows us to soy that the area of the sat W, which mepresents the women who
onhy drink wine and not gin and fonic & 0.4-x. In the some way we can say that the area of the s=1 G&T, which
reprasents woman who onby drink G&T and not wine is 0.7-x. We also know from our data that the probabiliy
of o woman not drinking wine and not drinking gin and tonic is 0. 1. These are all represented in Figurs 9.7 1.

Uncertainty and risk

This section gives some background to the concepts of uncertainty and
risk, and in particular, how probability can be used as a measure of risk.
Although uncertainty and risk are connected concepts, they are
sufficiently different to require separate explanations. Whilst a detailed
understanding of uncertainty and risk is not required for your exam, it is
useful to have an appreciation of these terms, and also the practical role
that probability plays when assessing risks.

The terms uncertainty and risk are used in different ways by different
commentators, researchers and professional practitioners in the business
world, and it is useful to start with a discussion of what these words or
terms mean.

Starting with risks, every business is said to face a series of risks, and as
a result of these risks it is difficult to be able to say how the business will
actually perform. These risks have a number of different origins or
drivers and can include risks relating to marketing, production,
technology, personnel, information systems and financial. (Note that this
is not intended to be an exhaustive list of the sources of business risk.)
For example, the marketing risks which a business faces may include the
chance that the product which they are selling going out of fashion. It
may include the chance that a large and powerful competitor may enter
the market and take traditional customers away.

128



Another risk might be that due to a recession and the corresponding
reduction in buying power, clients, and as a result sales decline. There
may also be the risk of new government legislation being aimed at
market controls which make the product too expensive for its traditional
customers. Thus, from these examples, it may be seen that a risk can be a
threat o the business.

If we considered production risks, there would be a similar list of issues,
which may, for example, include the risk of a disruption in the supply of
raw materials, or the risk of substantial price increases in essential
services such as electricity and gas costs. Another risk could be that new
legislation might require a much more costly regime of waste disposal in
order to protect the environment.

It is not difficult to list similar types of risks for technology, personnel
and information aspects of the business and the reader may do that for
himself/herself. The category of risks referred to as financial risks are
sometimes perceived to be different. Financial risks include the
availability of credit, the cost of borrowing, the value (price) of the
business’ shares if they are quoted on the stock market. The issues which
are discussed under this heading are often thought to be more volatile
than those under the other more general business risks. But financial
risks pose essentially the same sort of problems as other risks.

It is important for every organisation to be aware of the risks which it
faces and there are no organisations which do not have a set of business
and financial risks which directly affect them. Businesses need to assess
the risks which they face and to take appropriate action. The assessment
of risk is not a trivial matter and it requires considerable skill. The first
step is to list all the possible risks, preferable by the major activities and
functions of the business. Once this list is complete then an assessment
needs to be made to estimate the likelihood of the risk occurring, as well
as the amount of damage which the business could sustain if the risk
materialises. The likelihood of the risk occurring is normally expressed
on a scale from 0 (zero) to 1 where 0 means the risk will not actually
occur and 1 means the risk will certainly occur:. You will recognise this
as the description of probability, which was introduced in Section 9.2.
Thus, a score of 0.50 suggest that there is a 50% chance that the risk will
occur. However, there is no rigorous way of assessing the likelihood of a
risk. It is simply a question of management judgement.

With regard to the question of how much damage a risk could do to the
business, it is possible to make a more detailed and objective assessment
of this and the use of financial estimates play a large role in this activity.
Once these numbers have been estimated then they may be used to
calculate the expected value of a given risk. The expected value (EV) of
a risk is the product of the chance (probability) of it happening
multiplied by the size of the damage it will do to the organisation if the
risk occurs. The expected value combines the probability and the damage
of the result of the risk to give a figure which represents the relative
importance of the risk to the business.

The calculation of expected value is for each item in the list of marketing
risks is shown in Figure. Note that the expected value of the individual
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risks may be summed to give a total expected value of the risks
emanating out of the marketing activity of the business.

The zero and 1 positions are theoretically limits on a spectrum. If the
possible threat is rated at 0 then it need not be included in risk analysis as
it will not occur. If the possible threat is rated at 1 then it need not be
included in risk analysis as it has either occurred or will certainly occur
and therefore there is not the element of chance which is inherent in the
definition of risk.

Marketing risks

Ecstimate

Probability  of

of finandcial Expectad
Type of risk oocurrence damage wvalus
PFroduct cut of fashion €30 1,200,000 360, L
Fritry of hig romipatitor [ 2C 1_G0W7_ 00 375 W
Rersscimn 10 2. 000N 2000,
Legisiation chonoos C.0c 2,000, 000 120, M3
Totel Marketing risks 1, 08%, D0

From Figure it may be seen that the most damaging risk which the
business faces is the possibility of the entry of big competitor. If this
occurs then the loss to the business is expected to be £375,000. The
second greatest risk is the possibility that the product could go out of
fashion. If this occurs then the loss to the business is expected to be
£360,000. The size of the other risks may be read from Figure 9.13.

In a similar way, analyses may be undertaken for other risks; production,
technology, personnel, information systems and financial. There are two
courses of action which management may take in the face of these risks.
The first is to initiate risk avoidance measures, and the second is to
establish a programme which will mitigate the impact of the risk if it
should occur. However, a detailed discussion

of this is beyond the scope of this book. The technique described above
whereby the expected values are calculated, may also be applied to other
business calculations in which it is appropriate to include risk
assessments. There are two major approaches to this. Both approaches
call for the use of a range of estimates of the projected values of cost and
benefits for the production of budgets. These techniques are frequently
used in capital investment appraisal or assessment. By using the
maximum estimated and the minimum estimated values, a range of
possible outcomes for the investment are calculated. The results of these
calculations which will be a range of values themselves will show the
result of the investment if the impact of the risks are minimal i.e. few of
the threats materialise, and also the result of the investment if the impact
of the risks are large i.e. most of the threats materialise. Management
judgement is then required to decide which of these scenarios is the most
plausible. There are sophisticated variations of this approach which use a
technique known as Monte Carlo simulation, although this is beyond the
scope of this book.

Before concluding this section it is appropriate to more comprehensively
define risk in broad terms. The risk of a project is the inherent propensity
of the estimates concerning the cost, time or benefits for the project not
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to be achieved in practice, due to foreseeable and unforeseeable
circumstances.

Although risk is often spoken of in a negative context i.e. the project will
cost more than budgeted for, or take longer than originally believed, it is
obviously the case that FUNDAMENTALS OF BUSINESS MATHEMATICS 375
PROBABILITY sometimes projects are completed below budget and before
their deadlines. Thus risk may enhance the potential of a project as well
as detract from it. It is clear that risk is based on the fact that the future is
always unknowable or uncertain in the sense that we are unable to be
sure of anything before it happens. With regard to the concept of
uncertainty when it is not possible to make any estimate of the
probability or the impact of a future event or threat we do refer to its risk
— rather we refer to uncertainty. For example, we cannot state with any
degree of confidence about the risk that any large banks will become
insolvent. This is because we have neither a way of estimating the
chance nor a probability of that happening (nor the ability of estimating
the impact that such an event would have on our society). However, we
can safely say is that at present, the future of banks is uncertain.

Thus uncertainty may be thought of as a sort of risk about which nothing
may be estimated. While risk is a concept which is used extensively by
business and management practitioners, the concept of uncertainty is
employed by economists when they are referring more generally about
business affairs in the economy.

REVIEW QUESTIONS

1. Define probability. Describe Addition rules of probability?

2. Describe the process of probability of opposites. What is the
multiplication rule of probability?

3. Describe discrete probability and distributions. What are the
limitations of this approach?

4. What are the Characteristics of the distribution normal?

5. Describe Venn diagrams. Discuss the use of Venn diagrams to
assist with probability.

6. Write a short note on marketing risks.

FURTHER READINGS

Business Mathematics and Statistics- Andy Francis
Agarwal B.M.

Introduction to Business Mathematics- R. S. Soni

Business Mathematics : Theory & Applications- Jk. Sharma
Business Mathematics- Trivedi Kashyap
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UNIT-10 SPREADSHEET
SKILLS USING EXCEL

CONTENTS

Introduction

Spreadsheet Terminology

Positive Aspects of This Spreadsheet
Positive Aspects of This Spreadsheet
Documentation

Minimising Absolute Values
Problems with This Spreadsheet
Control Checks for Auditing

Charts

Tips for Larger Plans

Templates

Data Input Forms

Review Questions

¢+ Further Readings

INTRODUCTION

Introduction

A spreadsheet is a multipurpose piece of software which may be used for
calculations, drawing graphs or handling data in a way similar to a
database program. All these functions are available in most spreadsheets
at both an elementary level and a highly sophisticated level. In a
spreadsheet like Excel, complex problems may be handled by using
macros. A spreadsheet may also be described as a computer program that
allows data to be entered and formulae to be created in a tabular format.
It was designed to mimic a large paper-based worksheet with many rows
and columns. Spreadsheet information is stored in cells and the power of
this technology lies in the way each cells can store numerical or
alphabetical data or a formula for operating on other cells. A cell can also
hold references to other spreadsheets or objects (such as graphics).

The first spreadsheet program was called VisiCalc (standing for Visible
Calculator). The program was created by two American Computer
Science researchers called Dan Bricklin and Bob Frankston and was first
released through Software Arts in 1979. It was in 1982 that the next
improvement in spreadsheet technology came about with the release of
Lotus 1-2-3. A much faster running program and increased functionality
helped Lotus 1-2-3 to become the market leader — a place it kept until
1989 when Excel arrived as part of Microsoft’s Office suite of programs
to run on its Windows operating system. Although Lotus produced a
Windows version of 1-2-3, it did not stand up against the popularity of
the Office suite and thus Excel has become the de facto spreadsheet in
use today.

For any readers using an alternative, the basic functionality of most
spreadsheets is pretty similar and the exercises and examples used in this
book can still largely be followed. In your exam, it is important that you
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input your answer exactly how you would enter it into Excel, for
example, including the leading = sign. It is, of course, possible to enter
alternative, but equivalent correct formulae; the assessment software will
handle this.

Spreadsheet terminology
It is worth clarifying the different application areas within the
spreadsheet.

Workbooks and Worksheets

An Excel file is referred to as a workbook. A workbook can consist of a
single worksheet or can be a combination of multiple worksheets, charts,
databases etc. An Excel file is saved on disk with a .xIs file extension.

Cells

A worksheet is described by column letters and row numbers and each
row/column coordinate is referred to as a cell. In Excel there are 256
columns labelled A through IV and 65,536 rows. This in theory provides
16,777,216 cells into which information can be placed! In actual fact the
number of cells that can really be used is restricted by the specification
of the computer and the complexity of the data and formulae being
worked on.

Note on macros and application development

It is possible in Excel to record a series of keystrokes and/or mouse
clicks which can be stored in a macro. The macro can then be run
whenever that series of keystrokes and/or mouse clicks is required. For
example, to print a specific area of a spreadsheet, or to save a file with a
particular name. In addition to recordable macros, Excel has a powerful
computer language called Visual Basic for Applications (VBA). With
VBA it is possible to program the spreadsheet to perform in very
individualistic ways.

The development and use of macros requires a substantial understanding
of the spreadsheet and is thus beyond the scope of this book.

Getting started with Excel

When the Excel program is launched a blank spreadsheet is displayed.
Figure shows what this looks like and highlights some of the main
features of the system.

Note: This figure assumes that Excel has not been customised in any
way. If your system has been installed with customised toolbars the
screen may not look the same. It would be preferable to re-install Excel
without customisation for the purposes of working with this book.

Workbooks of files

When Excel is loaded a new, blank workbook is displayed as shown in
Figure. This workbook is called BOOK1 and consists of a number of
blank worksheets. Each worksheet is labelled on a tab at the bottom of
the workbook. You will be able to customise the name of these
worksheets as you use them, but at this stage they are labelled Sheet 1,
Sheet 2 etc. Sheets can be moved or copied between workbooks, and you
can reorganise sheets within a workbook. In addition you can have
several workbooks open at the same time, each in its own window.
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Worksheets

Most of the work you do will use worksheets. As you can see in Figure
10.1 a worksheet is a grid of rows and columns, forming a series of cells.
Each cell has a unique address. For example, the cell where column C
and row 8 intersect is referred to as cell c8. You use cell references when
you create formulae or reference cells in command instructions. The
active cell is the one into which data will be placed when you start
typing. You can determine the active cell by the bold border it has
around it. When you open a new workbook this will be cell al on Sheet1.
To change the active cell you can either use the directional arrow keys on
the keyboard to move one cell at a time to the left, right, up or down, or
you can use the mouse to move the pointer into the required cell and then
click once on the left mouse button.

Scroll bars

To the right and the bottom right of the screen there are scroll bars which
allow you to scroll up and down and left and right around the active
window. Click on the down arrow in the vertical scroll bar which will
scroll the worksheet down by one row.

Status bar

At the bottom of the screen are the horizontal scroll bar and the status bar
which display information about the current document or the task you are
working on. The exact information displayed will vary according to what
you are doing. When you open a new workbook there are indicators to
the right of the status bar that are highlighted if the caps lock key, num
lock key or scroll lock key is activated.

Toolbars

As in all Windows applications the toolbars allow quick access to
commonly used commands. On starting Excel the Standard and
Formatting toolbars are displayed. Move the pointer over one of the
toolbar buttons and notice the name is displayed in a small box below the
selected button. This is called a ToolTip. A brief description of what the
button does is displayed.

Good spreadsheet design

Whether a spreadsheet is being developed for specific business
mathematical calculations or as a forecasting plan, a profit and loss
account or a marketing plan it is essential that duecare and attention be
given to its design and structure. Establishing some rules as to how all
the spreadsheets in a department or organisation are developed enables
different people to look at different plans and feel familiar with the
layout, style, reports, charts, etc. This is in much the same way as users
feel familiar with software applications that have a similar interface such
as those in the Microsoft Office suite of products.

The objectives of good design in spreadsheet terms are exactly the same
as those required for any other software development:

1. to ensure that the spreadsheet is as error free as possible;

2. to ensure that the spreadsheet can be used without much training or
control;

3. to minimise the work required to enhance or change the spreadsheet.
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If care is taken to ensure sound structure and good design a spreadsheet
will be straightforward to develop, easy to read, simple to use, not
difficult to change and will produce the required results.

The plan developed over a number of stages in this chapter illustrates a
variety of aspects of the principles of spreadsheet design and
development. The series begins with a plan that has had little or no
thought put into its design and layout and as the chapter proceeds ways
of improving and enhancing the plan are identified and explained.

Getting started

The spreadsheet in Figure is a simple profit projection that may be of use
to the author, but is unlikely to be helpful to anyone else. This is clearly a
quick one-off plan which has been prepared with very little care and
which may well not even be saved on the disk.

Problems with this spreadsheet

The immediately obvious problems with this spreadsheet are that it has
no title, it is not clear what the columns represent, i.e. are they different
periods or perhaps different products, and the author is unknown.

With regards the data itself, the figures are hard to read as there are
varying numbers of decimal places. Whilst perhaps there has been a
growth in sales and price, the percentage has not been indicated. The
costs line could be misleading as no indication of where the costs have
been derived is supplied.

Positive aspects of this spreadsheet

If the author of the spreadsheet required a quick profit estimation based
on known data and growth rates for sales units, price and costs then the
spreadsheet has supplied that information quickly and in a more concise
form than would have been achievable using a calculator and recording
the results on paper.

Ownership and version

In Figure the three major shortfalls of the first spreadsheet have been
remedied. The plan has also been given a title and author details have
been included. It is important that every business plan have a clear owner
who is responsible for overseeing the accuracy and maintenance of the
system. A name plus some form of contact details should always be
included.

Problems with this spreadsheet

The construction of the data and results is still unclear and the lack of
formatting makes the figures hard to read. The costs remain grouped
together.

Positive aspects of this spreadsheet

In addition to the owner details having been added to the plan, the date
when the plan was written is a useful feature. The date becomes
particularly important when the question of spreadsheet versions arise.
Note that the date has been entered here as text. If a date function had
been used it would be continually updated each time the file is retrieved,
whereas here it is the date of the last update that is required. The ruling
lines above and below specific sections of the spreadsheet are also quite
helpful. This can be quickly achieved using the automatic formatting
features. These are accessed via the Format Auto format command.
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Formatting

In Figure the data for the four quarters is totalled and reported as an
annual figure. The values in the plan have also been formatted with the
majority of figures being formatted to zero decimal places and the price
line to two decimal places. One of the automatic formatting options has
been selected to shade and outline the plan.

Problems with this spreadsheet

By looking at the plan in Figure it can be seen that the sales and the costs
both increase over time. However it is not clear by how much because
the sales growth factor and the increase in costs have been incorporated
into the formulae as absolute references. The inclusion of absolute values
in formulae is not recommended and can lead to GIGO. To change the
sales growth factor in Figure two processes are required. First, cell ¢5 is
accessed and the edit key pressed. The growth factor is changed and
enter is pressed. This has changed the formula in this one cell, but only
once the formula has been extrapolated across into cells d5 and d6 is the
amendment complete. It is not difficult to see that there is room for error
here in a number of different ways.

Positive aspects of this spreadsheet

Having a current date and time indicator displayed on the spreadsheet
ensures that a hard copy report will reflect the date, and perhaps more
importantly the time it was printed. This is achieved through the now( )
function, which can be formatted with a range of different display
options. Because it is likely that a spreadsheet will be recalculated, even
if it is set to manual calculation, before printing, the date and time will
always be up to date. It is of course possible to include the date and time
in headers and footers, but during the development phase of a system the
page layout is less relevant than printing the section being worked on and
so thought should be given to the positioning of the now function. The
cells in this plan have now been formatted, which makes the data easier
to read. When formatting a spreadsheet it is important to consider the
entire plan and not just the cells that are currently being worked on. The
entire spreadsheet should be formatted to the degree of accuracy required
for the majority of the plan then those cells that need to be different, such
as percentages, can be reformatted accordingly. This is quickly achieved
by right clicking on the top left corner of the spreadsheet at the
intersection between the column letters and row numbers and then select
format cells. Whatever formatting is now applied will affect the entire
worksheet.

It is important to understand that formatting cells only changes the
display and does not affect the results of calculations that are still
performed to the full degree of accuracy, which is usually 16 significant
decimal places. This is why a cell containing the sum of a range of cells
might display an answer that does not agree with the result of visually
adding the values in the range.

The only safe way to ensure that the results of a calculation are actually
rounded to a given number of decimal places the round function is
required. Figure shows two tables representing the same extract from a
profit and loss account. In both cases all the cells have been formatted to
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zero decimal places, but in Table B the round function has been
incorporated in the formulae for cells f15 through f20. The formula
entered into cell f15, which can then be copied for the other line items is:
= round(sum(b15:e15),0) The effect of the round function can be seen in
cell £20. By visually adding up the numbers in the range 15 through f19
the result is 78111 whereas the formatting of these cells without the use
of the round function in Table A returns a value of 78112 in cell f20.
Having applied the round function to a cell any future reference made to
that cell will use the rounded value.

Excel does offer an alternative to the round function in the Precision as
displayed option within tools: options: calculation. This command
assumes that calculations will be performed to the level of accuracy
currently displayed. The danger of using this command is that when data
is changed or added to the spreadsheet the command is no longer valid
and it is then necessary to repeat the command to update the spreadsheet
— this is another invitation to gigo.

Documentation

Spreadsheet developers are notoriously bad at supplying documentation
and other supporting information about the plan. There are a number of
features offered by Excel to assist in the documenting of plans including
the insert comment command. Figure 10.6 shows a comment being
entered onto a plan — notice how the user name of the comment author is
included. This is useful when a team of people are working on a system.
The presence of a comment is indicated by a small red triangle on the
cell — to read the comment move the cursor over the cell and it will
automatically be displayed. A word of caution concerning the use of
comment boxes — they take up a considerable amount of space and if
used widely they can make a noticeable difference to the size of a file.
To clear all the comments use the edit clear comments command.

The provision of a hard copy report showing the logic used to create a
plan is also helpful as this is the ultimate reference point if a formula has
been overwritten and needs to be reconstructed.

In Excel there is a shortcut key to display the formulae which is ctrl =
(accent grave). Alternatively this can be achieved through the tools
options view command and then check the Formulas box.

In addition to providing documentation for a spreadsheet system, looking
at the contents of the cells as opposed to the results can also be a helpful
auditing tool. For example, Figure 10.7 highlights the fact that there are
still values embedded in formulae which is not good practice and is
addressed in the next version of the plan. A third form of documentation
which can be particularly useful for large systems is the ‘sentence at the
end of the row’ technique. Requiring less file space than comment boxes,
and always on view it can be useful to have a brief description of the
activity taking place in each row of a plan.

Minimising absolute values

One of the reasons that spreadsheets have become such an integral part
of the way we do business is the fact that they facilitate quick, easy and
inexpensive what-if analysis. What-if analysis may be defined as the
process of investigating the effect of changes to assumptions on the
objective function of a business plan. Performing what-if analysis on the

137

Spreadsheet Skills
using Excel

Notes



Business Mathematics

Notes

opening sales assumption or the opening price assumption is quite
straightforward, involving placing the cursor on the figure and entering
the new value. On pressing enter the spreadsheet is re-evaluated and all
cells which refer to the changed values, either directly or indirectly are
updated. The success of performing even the simplest what-if analysis is
dependent on the spreadsheet having been developed with the correct
series of relationships. For example, changing the opening sales value in
Figure 10.8 would automatically cause the other quarter sales values to
recalculate, as well as the revenue, costs and profit lines, because they
relate, through the cell references in the formulae, either directly or
indirectly to the sales value in cell b5.

However, as already mentioned this plan incorporates absolute values in
the formulae for sales and costs growth. Furthermore, the price is a fixed
value and has been entered once into cell b6 and the value has then been
copied into the other periods. This presents problems when what-if
analysis is required on any of these factors.

Problems with this spreadsheet

Because no growth in the price is required the opening value of 12.55
has been copied for the four quarters. Whilst this is fine all the time a
price of 12.55 is required, it presents a problem when the price requires
changing. With this spreadsheet it would be necessary to overwrite the
price in the first quarter and then copy the new value for the remaining
three quarters. The same applies if the sales growth or the cost factors
required changing. To prevent these problems arising, a different
approach to the development of the plan needs to be taken.

In the first instance all growth and cost factors should be represented in a
separate area of the spreadsheet — even on a different sheet altogether in
the case of a large system with a lot of input. The factors can then be
referenced from within the plan as and when they are required. Figure
10.9 shows the adapted layout for this plan after extracting the sales
growth and costs factors.

Having the growth and cost factors in separate cells means that the
formulae need to be changed to pick up this information. Figure 10.10
shows the amended formulae for this plan. Note that the references to
cells d15,d16 and d17 are fixed references. This is achieved by placing
the $ symbol before the column letter and row number, i.e. $d $ 15, and
means that when the formula is copied the reference to cell d15 remains
fixed. A shortcut key to add the $ symbols to a cell reference is 4.

In this plan an option in the growth factors has been included for the
price, despite the fact that in this plan the price does not change. It is
important to always think ahead when developing any plan and although
the price does not currently change, it might be necessary to include a
percentage increase in the future. Having the facility for change built-in
to the plan could save time later — and for the time being the growth
factor is simply set to zero.

Removing the growth and cost factors from the main body of a business
plan is the first step in developing a data input form which will
ultimately separate all the input data from the actual logic of the
spreadsheet. This separation of the data allows the logic cells to be
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protected from accidental damage. This is discussed further in the
Template section of this chapter.

Control checks for auditing

As already mentioned, spreadsheet users are not inherently good at
auditing plans as thoroughly

as perhaps they should, and therefore an important aspect of spreadsheet
design is to build into the system checks on the arithmetical accuracy
that will raise the alarm if things begin to go wrong. This might include
validating input data through the use of an if function, or performing a
cross-check on a calculation.

When creating calculation checks the first step is to select a number of
key items from the model, whose result can be calculated using a
different arithmetic reference. A separate sheet can be allocated for data
validation and arithmetic checks. For example, in Figure 10.11 below the
Year End Gross Profit has been calculated by referencing the individual
total values in column f and then by totalling the values in the Gross
Profit row. An if function is then applied to compare the two results and
if they are not the same the word “error’ is displayed in cell d8.

The formulae required in cells d6 and d7, which calculate the year-end
gross profit from the plan illustrated in Figure

Charts

It is useful to support the information supplied in business plans with
charts. In the profit and loss account used in this chapter various charts
might be useful, for example to show the relative impact of price and
sales volume figures. Although charts can be placed on the same
worksheet as the plan, it is usually preferable to keep graphs on separate
chart sheets. The exception might be if it is appropriate to view changes
on a chart at the same time data in the plan is changed, or if a spreadsheet
is to be copied into a management report being created in Word. Figure
10.12 is an example of the type of chart that might be produced from the
plan used in this chapter.

Tips for larger plans

The plan used in this chapter has been a simple quarterly plan, but in
many cases business plans will be larger and more complex. Figure
10.13 is an extract from a five-year quarterly plan. Although it is not
obvious by looking at Figure , each year in this report has been formatted
with a different colour font. This is a useful technique when working
with large models because it enables the user to quickly know which part
of the plan is being viewed or worked on, without having to scroll
around the spreadsheet to see the titles.

This colour coding can then be carried over to summary reports, and
other reports pertaining to the different parts of the plan.

From a design point of view it is preferable to place different reports
associated with a plan on separate worksheets. The report in Figure 10.14
, Which has been placed on a separate sheet called Summary is created by
referencing the cells from the yearly totals in the main plan.

Templates
A business plan that requires time and effort to design and implement is
likely to be in regular use for some time. In addition, the data in the plan
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will almost certainly change, either as situations within the business
change, or on a periodic basis. In such circumstances it is advisable to
convert the developed plan into a template, into which different data can
be entered whenever necessary.

A template is a plan that contains the logic required, i.e the formulae, but
from which the data has been removed. When new data is entered so the
formulae will be calculated. Figure shows the simplest approach to
creating a template. Taking the one-year quarterly plan used in this
chapter the input data and growth factors have been removed and these
cells have been highlighted by shading the cells. When the input cells are
set to zero, all other cells that are directly or indirectly related to those
cells should also display zero. The only exception to this is if there are
division formulae in which case a division by zero error will be
displayed. The act of removing the data is in itself a useful auditing tool,
because if values are found in any cells this indicates that there is an
error in the way that the plan was developed which can be rectified.
When the template is complete the spreadsheet should be protected and
then only the input cells unprotected in order that the user can only enter
data into the designated cells. This is a two-step process. First, the cells
into which data can be entered are unprotected using the format cells
protection command and removing the tick on the Locked box. The
second step is to then enable protection by selecting Tools Protection
Protect Sheet.

It is also important to save the file now as a Template file as opposed to a
Worksheet file. This is achieved by selecting file save as template
(.XLT) in the file type box. The location of the template file defaults to
the directory where other Microsoft Office template files are located. To
use the template file new is selected which accesses the Template
directory and when a file is selected a copy of it is opened, leaving the
original template unchanged on the disk.

Data input forms

A further enhancement that makes working with templates easier to
control is to remove all the data from the main plan and place it on one
or more data input forms which will normally be located on separate
worksheets. Figure is a data input form for the quarterly plan, and Figure
shows the amended formulae in the plan which picks up the data from
the input form.

There are many benefits to be derived from using data input forms
including the fact that the data can be checked more easily. Sometimes it
might be possible to design an input form that is compatible with a
forecasting or accounting system so that the data can be electronically
picked up from the other system without having to type it in again. Even
if this is not possible, the order of items in the data input form does not
have to be the same as the order in which they are referenced in the logic,
which means that the data input form can be created to be as compatible
with the source of the input data as possible. Furthermore, the worksheet
containing the logic for the plan can be protected, and if necessary made
read-only in order to maintain the integrity of the system. It is not a
trivial task to change existing systems to be templates with data input
forms, and it will also take a little longer to develop a new system in this
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way, as opposed to incorporating the data with the logic. However, the
ease of data input and ongoing maintenance should make the additional
effort worthwhile.

The use of spreadsheets by management accountants
There are a number of different ways in which the management
accountant can use a spreadsheet in his or her work. In the first place,
spreadsheets are especially useful in the performance of calculations. In
addition to the basic mathematical operators discussed such as addition,
subtraction, division, multiplication etc., there are many other functions
which will be of direct use. These include NPV, IRR, PV to mention
only three. There are infact more than 350 built-in functions in Excel.
When it comes to repetitive calculation the management accountant can
set up templates that can be used again and again. There are many
different aspects to the way that Excel can be used for planning and those
who are interested in more detail should consult the Elsevier Cima
Publication, Financial Planning Using Excel — Forecasting, Planning and
Budgeting Techniques, by Sue Nugus, 2005. In addition to the
calculation side of the spreadsheet the management accountant will find
useful the ease with which graphs and charts can quickly be created in
Excel.

REVIEW QUESTIONS
1. Discuss about spreadsheet terminology. What are the
Positive aspects of this spreadsheet?
What are the Problems with spreadsheet?
Describe Control checks for auditing in spreadsheet.
What are Charts and Templates?
Give the detail of Data input forms.
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